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ROUTH REDUCTION AND CARTAN MECHANICS
S. CAPRIOTTI
Abstract. In the present work a Cartan mechanics version for Routh reduc-
tion is considered, as an intermediate step toward Routh reduction in field
theory. Motivation for this generalization comes from an scheme for integrable
systems [12], used for understanding the occurrence of Toda field theories in
so called Hamiltonian reduction of WZNW field theories [11]. As a way to
accomplish with this intermediate aim, this article also contains a formulation
of the Lagrangian Adler-Kostant-Symes systems discussed in [12] in terms of
Routh reduction.
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1. Introduction
In the present work we will be interested in finding some answers related with
the following questions:
• Generalize Routh reduction, as described in [23], to the Cartan setting.
• Find an invariant formulation for the equations of motion associated to
Routh reduction of Hamilton-Pontryagin variational principles, comple-
mentary to the description for these kind of systems found in [13].
• Give a geometrical interpretation of the reduction considered in [12], in
terms of Routh reduction.
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At this respect, it can be seen as a continuation of [23, 13], which also deal with
Routh reduction of mechanical systems and its equations of motion (see also [27,
9]).
Nevertheless, the approach taken in this article uses a procedure called Lepage-
equivalent problem, as a mean to characterise Poincaré-Cartan version of Euler-
Lagrange equations. A previous work dealing with Routh reduction of Cartan
mechanics is [2]; an important difference with this reference resides in the fact that
we decided not to fix momentum variables in advance, therefore working with a
kind of Hamilton-Pontryagin, or unified, variational problem. In this regard, our
approach is similar with [13], as we mentioned before.
In order to describe more precisely the setting underlying this article, let Q be a
manifold and let L ∈ C∞ (TQ) a Lagrangian function. Instead of working with the
Pontryagin bundle TQ⊕T ∗Q, we work in a bundle of 1-formsWL on R×TQ, locally
isomorphic to the Pontryagin bundle. These bundles were called classical Lepage-
equivalent of the variational problem associated to the data (Q,L) in the pioneering
work of Gotay [15], and allow us to translate equations characterizing extremals of
a variational problem, to Cartan-like equations of motion (see Theorem 2 below).
The use of these equations with suitable lifts to WL of vector fields on R × TQ,
yields to an invariant description of them, just as in [13]. Their basic idea is to take
a (perhaps local) basis of vector fields on Q, and to lift it to the Pontryagin bundle
TQ⊕ T ∗Q; in particular, this method proves to be very useful when working with
equations of motion in presence of symmetry and one is trying to avoid regularity
issues. We were able to translate these constructions to our approach: Equations
of motion for Cartan-like systems WL were thus written by means of lifts of vector
fields on its base space R× TQ.
Now, the setting for Routh reduction used throughout the paper was borrowed
from [23]: Given (Q,L, F ) a (general) Lagrangian system and a G-action on Q
such that Q→ Q/G is a principal bundle, its solution curves in a momentum map
level set are in a one to one correspondence with solution curves of the Lagrangian
system (Q,Rµ, F +Gµ) for some function Rµ (the Routhian) and a gyroscopic force
term Gµ determined by a connection in Q → Q/G. The reduced space of Routh
reduction is an intrinsically constrained system
(1.1)
(
T (Q/G)×Q/Gµ × g˜→ Q/Gµ × g˜, Rµ, f + σ
µ
)
obtained reducing this last Lagrangian system; thus, given a solution curve for
(Q,L, F ), we take the associated solution curve for (Q,Rµ, F +Gµ) and its reduc-
tion to system (1.1) is the reduction for the original curve.
Our approach to Routh reduction follows a similar path: We provide Cartan-like
bundles for (Q,L, F ) and for system (1.1); Corollary 6 to Theorem 4 links solution
curves for WµL (corresponding to system (Q,L, F ) in the traditional approach, but
restricted to a momentum map level set) with solution curves for W 0
p∗1Rµ
(corre-
sponding to system (1.1) via Proposition 12).
Finally, let us briefly describe the structure of the article. Sections 2 and 3 are
devoted to introductory matters: In the former, we review basic definitions for
Routh reduction as found in the existing literature. The latter provides the reader
with notions from Lepage-equivalent theory, used throughout the paper.
Lifting of vector fields to WL, as defined in Section 4, is an original contribution
of the present work, and becomes a fundamental tool in writing the equations of
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motion. The same can be said for the contents of Section 5: Although intrinsically
constrained systems are not in the scope of classical Lepage-equivalent problems as
it appeared in literature, a proposal for generalization is given in this section, and
a theorem relating equations of motions is proved in this context.
Now, when Routh reduction is formulated in the language of intrinsically con-
strained systems, just reduction of the Lagrangian system defined by Routh La-
grangian is considered; it is then necessary to relate the equations of motion of the
Routh Lagrangian system with the equations of motion associated to the original
Lagrangian system. This is achieved in Sections 6 and 7, using a scheme similar to
the one used in [23]: First, a momentum map for classical Lepage-equivalent prob-
lems is defined, and then the equivalence between the set of equations is proved.
In this last task, a fundamental rôle is played by a decomposition of the contact
bundle; this decomposition is found to be a consequence of the chosen connection
in the principal bundle Q→ Q/G.
Equations of motion for system
(
W 0
p∗1Rµ
, λ0
p∗1Rµ
, βµ
)
, where βµ is the gyroscopic
force term induced by the connection ωQ and µ ∈ g
∗ are explicitly constructed in
Section 8.
An interesting example is discussed in the last section of the present article: A
Lagrangian system for a class of integrable systems known as Adler-Kostant-Symes
(AKS) systems. It was considered in [12], as a mean to understand reduction of
WZNW theories [11] in a more controlled environment. The formulation of this
example in terms of Routh reduction turns relevant the search of an equivalent
procedure for field theories. On this regard, in this article we will adopt the following
unified viewpoint: Every solution for a variational problem either from Mechanics
or from field theory, can be regarded as a (perhaps local) section of a bundle π :
E → M . For example, every curve γ : I ⊂ R → Q can be considered as a local
section s : I ⊂ R→ R×Q : t 7→ (t, γ (t)) of the trivial bundle
pr1 : R×Q→ R.
From this perspective, the identification J1pr1 ≡ R× TQ given by
j1(t,q)s 7→ (t, Tqs (∂/∂t)) ,
allow us to consider the Lagrangian L as a function on J1pr1, and the variational
problem of Mechanics becomes a field theory variational problem
δ
∫
R
(prs)∗ (Ldt) = 0,
where prs : R→ J1pr1 ≡ R× TQ is the prolongation of the section s : R→ R×Q,
defined as the unique section of (pr1)1 : R × TQ → R which is integral for the
contact structure. Therefore, formulation of Routh reduction given in the present
article is well suited for its generalization to field theory, which will be carried out
elsewhere.
2. Lagrangian systems in Routh reduction
2.1. Notation. Some conventions regarding notation will be used throughout the
article. Given a bundle f : E → M , the symbol XV (f) (E) ⊂ X (E) will represent
the set of vector fields on E vertical respect to the map f .
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Whenever a product manifold X1 ×X2 is considered, the canonical projections
onto its factors will be denoted by
pri : X1 ×X2 → Xi
for i = 1, 2. For X a manifold, we will indicate by
τX : TX → X, τX : T
∗X → X
the canonical projections of the tangent and cotangent bundles.
If
(
qi
)
are local coordinates on X , the induced coordinates on TX will be gener-
ically indicated by
(
qi, vi
)
.
Moreover, when working with Lie groups G and G-spaces X such that X/G is
a manifold, we will indicate by pXG : X → X/G the quotient projection. For every
ξ ∈ g, where g is the Lie algebra of G, ξQ ∈ X (X) will be the infinitesimal generator
for the action of G on X . On tangent and cotangent spaces of G-spaces, we will
consider the lifted action.
Similar conventions will be adopted when working with canonical forms: For
every manifold X , λX ∈ Ω
1 (T ∗X) represents the canonical 1-form
λX |αq
(
Vαq
)
:= αq
(
TαqτX
(
Vαq
))
for every Vαq ∈ Tαq (T
∗X). Sometimes we will commit an abuse of notation re-
garding this convention, and we will use this symbol in order to represent pullback
of these canonical forms to subbundles of a cotangent bundle.
Given two bundles qi : Ei → X, i = 1, 2 on a manifold X , symbol q
∗
1E2 will
indicate the pullback bundle on E1, defined as
q∗1E2 := {(e1, e2) ∈ E1 × E2 : q1 (e1) = q2 (e2)} ⊂ E1 × E2.
Canonical maps pr1 : q
∗
1E2 → E1 and pr2 : q
∗
1E2 → E2 will be induced by the
projections onto the factors of the product bundle. Sometimes a more symmetric
symbol E1×N E2 will be used for these spaces, or even E1×E2 when no confusion
is possible.
Vectors Z ∈ T(e1,e2) (E1 ×N E2) will be indicated by the symbol Z = X1 +X2,
where Xi ∈ TeiEi, i = 1, 2 such that Te1q1 (X1) = Te2q2 (X2); a particular case
will be the vertical vectors of the bundle E1 ×N E2 → X , for which the symbols
V1 + 0, 0 + V2, with Vi ∈ V qi, i = 1, 2 will be used.
2.2. Lagrangian systems. This introduction is mainly based in [23]. Our aim is
to provide some basic definitions regarding Lagrangian systems and symmetry.
Definition 1 (Lagrangian systems). A Lagrangian system is a triple (Q,L, F )
where Q is a manifold, L : TQ→ R is an smooth function and F : TQ→ T ∗Q is a
T ∗Q-valued 1-form on Q. A curve q : I := [a, b]→ Q is critical for the Lagrangian
system (Q,L, F ) if and only if
δ
∫
I
L (q˙ (t)) dt = −
∫
I
〈F (q˙ (t)) , δq (t)〉 dt
for arbitrary variations δq : I → q∗ (TQ) with fixed endpoints.
There exists another kind of Lagrangian-like systems which are important in
Routh reduction.
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Definition 2 (Intrinsically constrained Lagrangian system). An intrinsically con-
strained Lagrangian system is a triple (π : M → N,L, F ), with L a function on
TMN := TN ×N M and F a T
∗M -valued 1-form on M . A curve γ : I → M is
critical for the intrinsically constrained system (π : M → N,L, F ) if and only if it
is critical for the Lagrangian system (M,p∗1L, F ), where p1 : TM → TMN is given
by
p1 (vm) := (Tmπ (v) ,m) .
An intrinsically constrained system can be regarded as a Lagrangian system
whose Lagrangian function does not depend on the fiber coordinates of the vertical
bundle V π.
Definition 3 (Invariant Lagrangian system). Let G be a Lie group acting on Q.
The Lagrangian system (Q,L, F ) is G-invariant if and only if L is a G-invariant
function and F fulfills the following conditions:
(1) F is G-equivariant, and
(2) ImF is in the annihilator of {ξQ : ξ ∈ g}.
As in the Hamiltonian side, there exists a momentum map associated to the
G-action on Q.
Definition 4 (Momentum map). The momentum map JL : TQ → g
∗ associated
to the G-action on the Lagrangian system (Q,L, F ) is the map
JL (vq) (ξ) :=
d
dt
∣∣∣∣
t=0
[L (vq + tξQ (q))]
for all ξ ∈ g.
As usual, it provides us with conserved quantities when working with G-invariant
Lagrangian systems; nevertheless, a more general situation is possible.
Proposition 1. Let (Q,L, F ) be a Lagrangian system such that
〈dL, ξTQ〉 = −〈F, ξQ〉
for all ξ ∈ g on the critical curves. Then JL is a conserved quantity.
3. Geometry of Lepage-equivalent problems
3.1. Definitions. The scheme we will develop in the present article requires the
notion of classical Lepage-equivalent variational problems [15, 7, 20, 21, 22], as a
setting that, in particular, is suitable for translation into classical field theory [14].
In this realm, we work with sections of the bundle pr1 : R × TQ→ R : (t, vq) 7→ t
instead of working with curves in TQ; it is clear that there exists a one to one
correspondence between these descriptions, and it is quite straightforward how to
change between viewpoints.
Let us consider how a Lagrangian system (Q,L, 0) determines the dynamics in
this setting. The main idea is to consider the differential ideal Icon in Ω
• (R× TQ)
generated by the forms θi := dqi − vidt; sections γ : I ⊂ R → R × TQ that
correspond to curves in TQ coming from derivatives of curves in Q are represented
by integral sections of Icon, namely, such that
γ∗θi = 0
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for all i [16]. A crucial fact about this ideal is that it can be generated by sections
of a bundle Icon ⊂ ∧
• (R× TQ); essentially, this bundle is the vector subbundle
generated by the set of forms
{
θi
}
. So instead of working on TQ and perform
variations on curves in TQ which come from curves in Q, we perform arbitrary
variations of curves in a bundle WL → R × TQ, which incorporate (via Lagrange
multipliers acting on sections of Icon) restrictions forcing curves in TQ to be time
derivatives of curves in Q.
In detail, bundle Icon → R × TQ will be called contact bundle, and is defined
fiberwise as follows.
Definition 5. The contact subbundle Icon onR×TQ is the subbundle of T
∗ (R× TQ)
with fiber
(3.1) Icon|(t,vq) :=
{
α ◦ TvqτQ − α (vq) dt : α ∈ T
∗
qQ
}
⊂ T ∗(t,vq) (R× TQ) .
Forms whose images lie in Icon will be called contact forms.
The subbundle WL → R× TQ fits in the diagram
WL T
∗ (R× TQ)
R× TQ
''❖
❖❖
❖❖
❖❖
❖❖
πL
  //
iL
ww♦♦♦
♦♦♦
♦♦
τR×TQ
and consists essentially of the affine subbundle obtained from Icon by translation
along the Lagrangian 1-form Ldt.
The underlying set of this bundle is determined fiberwise by the formula
(3.2) WL|(t,v) :=
(
L (t, v) dt+ Icon|(t,v)
)
∩ (T ∗ (R× TQ))V ,
where
(T ∗ (R× TQ))
V
:= T ∗ (R× TQ) ∩ (V (id× τQ))
0
is the portion of the cotangent bundle of R× TQ annihilating those vectors which
are vertical respect to the projection
id× τQ : R× TQ −→ R×Q.
Remark 1. In local coordinates
(
t, qi, vi
)
this subbundle can be described as
WL|(t,qi,vi) =
{
L
(
t, qi, vi
)
dt+ pi
(
dqi − vidt
)
: pi ∈ R
}
.
Thus, we have the identification
(3.3) WL ≃ R× (TQ⊕ T
∗Q) .
This identification can be seen directly from the local expression for WL, or more
intrinsically via Equation (3.1), namely, taking into account that ρ ∈ WL|(t,vq)
corresponds to (t, wq′ , α) if and only if q = q
′, wq = vq and
ρ = L (t, vq) dt+ α ◦ TvqτQ − α (vq) dt.
The immersion WL ⊂ T
∗ (R× TQ) provides it with a canonical 1-form λL,
namely the pullback of the canonical 1-form λR×TQ ∈ Ω
1 (T ∗ (R× TQ)) to WL,
λL := i
∗
L (λR×TQ) ∈ Ω
1 (WL) .
This form will be what we will call Cartan form in this context; a reason for this
terminology can be found below (Proposition 2).
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3.2. Lepage-equivalent problems and Cartan form mechanics. The purpose
of the present section is to formulate equations of motion in the realm of Lepage-
equivalent problems. In order to proceed, we will provide a definition for solution
curves associated to the data (WL, λL), proving that these curves coincide with
extremals of Lagrangian system (Q,L, 0); more details on this correspondence can
be found in [16, 6, 17]. Thus, equations of motion in Cartan form mechanics [19]
can be recovered from this setting by identifying a subbundle FL ⊂WL containing
every solution curve, which is essentially the graph of Legendre tranformation for
L; it can be interpreted saying that Lepage-equivalent formalism have Legendre
transformation built into it.
Definition 6. A curve γ : I ⊂ R→ Q is a solution curve for the data (WL, λL) if
and only if there exists a curve Γ : I →WL such that
(1) τQ ◦ pr2 ◦ πL ◦ Γ = γ,
(2) pr1 ◦ πL ◦ Γ = idR, and
(3) Γ∗ (XydλL) = 0 for all X ∈ X (WL).
Remark 2. Equation (3) tells us that lifted curves Γ : I → WL are extremals of
the variational problem (under unrestricted variations with fixed ends) associated
to the functional
Γ 7→
∫
I
Γ∗ (λL) .
Maps in Definition 6 are shown in the following diagram.
WL R× TQ TQ Q
R
Γ
γ˙
γ
pr1
πL pr2 τQ
Then, as promised, we have the following correspondence with extremal curves
for a Lagrangian system.
Theorem 1. γ : I → Q is a solution curve for the data (WL, λL) if and only if it
is an extremal for the Lagrangian system (Q,L, 0).
Proof. Let us introduce the local coordinates
(
t, qi, vi, pi
)
on WL induced by the
identification (3.3). Then
λL = Ldt+ pi
(
dqi − vidt
)
and we will have that
Γ∗
(
∂
∂qi
ydλL
)
= Γ∗
(
∂L
∂qi
dt− dpi
)
Γ∗
(
∂
∂vi
ydλL
)
= Γ∗
(
∂L
∂vi
dt− pidt
)
Γ∗
(
∂
∂pi
ydλL
)
= Γ∗
(
−vidt+ dqi
)
.
Then if γ (t) =
(
qi (t)
)
and Γ (t) =
(
t, qi (t) , vi (t) , pi (t)
)
, the result follows. 
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Thus, equations of motion in Cartan form mechanics [19] can be recovered as
follows: There exists a subbundle FL ⊂WL defined through
FL :=
{
α ∈ WL :
∂
∂t
yZy dλL|α = 0 for allZ ∈ V (id× τQ)
}
.
It projects onto R × TQ via the restriction πF := πL|FL : FL → R × TQ. This
subbundle fits in the following diagram
FL WL T
∗ (R× TQ)
R× TQ
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏
πF
  //
jL

πL
  //
iL
zztt
tt
tt
tt
tt
t
τR×TQ
Locally we have that α ∈ FL if and only if
(3.4) α = Ldt+
∂L
∂vi
(
dqi − vidt
)
.
Lemma 1. πF is injective. Moreover, there exists a section s0 : R × TQ → WL
such that FL = Im s0.
Proof. Let E : TQ→ R be the energy function associated to L [1] and
θL := (pr2 ◦ FL)
∗
λQ ∈ Ω
1 (R× TQ)
the pullback of the canonical 1-form on T ∗Q to R× TQ. Then
(3.5) s0 (t, v) := −E (t, v) dt+ θL|(t,v) ∈WL;
by the local expression (3.4), it results that FL = Im s0. 
Moreover, this submanifold allows us to establish a correspondence between
canonical forms defined above and the classical forms.
Proposition 2. The form j∗L (λL) coincides with the classical Cartan form under
identification (3.3).
It explains our choice of name for the form λL.
Finally, the section s0 can be used for construct the solutions of (WL, λL) when-
ever extremals of (Q,L, 0) are known.
Proposition 3. Γ is a solution for (WL, λL) if and only if
Γ (t) := s0 (t, γ˙ (t)) , t ∈ I ⊂ R
for γ : I → Q an extremal for (Q,L, 0).
3.3. General Lagrangian systems. Let us consider “Cartan-like” equations of
motion for general Lagrangian systems (Q,L, F ), as defined in [24]. The pair (WL, λL)
is determined as before; additionally, we define the 1-form F˜ ∈ Ω1 (WL) such that
F˜
∣∣∣
α
(V ) := 〈F ((pr2 ◦ πL) (α)) , Tα (τQ ◦ pr2 ◦ πL) (V )〉
for all V ∈ TαWL. In terms of the coordinates
(
t, qi, vi, pi
)
for WL, we have
WL R× TQ TQ(
t, qi, vi, pi
) (
t, qi, vi
) (
qi, vi
)//πL //
pr2
✤ // ✤ //
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and writing
F = αidq
i
for the force term, with αi functions locally defined on TQ, we will obtain
F˜ = αidq
i.
So let us define the notion of solution curve for data (WL, λL, F ); as expected,
we will see below (Theorem 2) that these kind of curves produce solutions for the
original Lagrangian system (Q,L, F ) and viceversa.
Definition 7. A curve γ : I ⊂ R→ Q is a solution curve for the data (WL, λL, F )
if and only if there exists a curve Γ : I →WL such that
(1) τQ ◦ pr2 ◦ πL ◦ Γ = γ,
(2) pr1 ◦ πL ◦ Γ = idR, and
(3) Γ∗
(
Xy
(
dλL + F˜ ∧ dt
))
= 0 for all X ∈ XV (pr1◦πL) (WL).
Remark 3. A couple of remarks on this definition:
• In local terms, the first two requeriments of the previous definition mean
that γ : t 7→
(
qi (t)
)
and Γ : t 7→
(
s (t) , q˜i (t) , v˜i (t) , p˜i (t)
)
are related by
the equations
qi (t) = q˜i (t) , s (t) = t
for all t.
• It is enough to verify the last item on a set of (perhaps local) generators
for
XV (pr1◦πL) (WL) .
This fact will be exploited more deeply in Section 4 below.
The last item can be rewritten as soon as F is a 2-form on Q.
Lemma 2. Let F be a 2-form on Q and Γ : I → WL a curve satisfying items 1
and 2 in Definition 7. Then
Γ∗
(
Xy
(
dλL + F˜ ♭ ∧ dt
))
= 0
for all X ∈ XV (WL), is equivalent to
Γ∗
(
Xy
(
dλL + (τQ ◦ pr2 ◦ πL)
∗
F
))
= 0
for all X ∈ XV (WL).
Proof. For the underlying map F ♭ : TQ → T ∗Q we construct the 1-form F˜ ♭ ∈
Ω1 (WL). For every X ∈ X
V (WL) we have that
Xy
(
F˜ ♭ ∧ dt
)
=
(
XyF˜ ♭
)
dt.
On the other hand, if F = fijdq
i ∧ dqj in local coordinates, we will obtain that
∂
∂vi
yF˜ ♭ =
∂
∂pi
yF˜ ♭ = 0
and
∂
∂qi
yF˜ ♭ = fjiv
j .
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Then
Γ∗
(
∂
∂qi
yF˜ ♭ ∧ dt
)
= Γ∗
(
fjiv
jdt
)
= Γ∗
(
fjidq
j
)
= Γ∗
(
∂
∂qi
y (τQ ◦ pr2 ◦ πL)
∗
F
)
because in local coordinates, the condition
Γ∗
(
∂
∂pi
y
(
dλL + (τQ ◦ pr2 ◦ πL)
∗ F
))
= 0
implies Γ∗
(
dqi − vidt
)
= 0. 
Then we have the following correspondence between extremals of a general La-
grangian system and solution curves of a triple (WL, λL, F ).
Theorem 2. γ is a solution curve for the data (WL, λL, F ) if and only if it is an
extremal for the Lagrangian system (Q,L, F ).
4. Equations of motion in quasi-velocities and quasi-momenta
Let us deduce the implicit equations of motion obtained in [13], using the for-
malism developed above. It makes necessary to find a way to lift vector fields on
R×TQ to the bundle of forms WL. The first part of this section is devoted to this
task.
Later, a characterization for these equations as a set of forms on WL is found
(see Propositions 6 and 7 below). Thus a curve is a solution for the Lagrangian
system if its tangent vector field belongs to the annihilator of this set of forms.
This characterization is useful because of the pullback naturality of forms: When
formulated in these terms, equations of motion can be pulled back along maps. A
similar viewpoint for working with reduction of differential equations can be found
in [28].
4.1. Infinitesimal symmetries and lifting. We want to find a way to lift vector
fields from R× TQ to the bundle WL. In the present section we will carry out this
task by means of the notion of infinitesimal symmetry of the contact structure λL.
4.1.1. The lift to WL. Let us consider now the lift of vector fields on R × TQ to
WL. Recall that associated to the adapted coordinates
(
t, qi, vi
)
on R× TQ, there
exist the coordinates
(
t, qi, vi, pi
)
on WL.
Definition 8. A lift for a vector field Z ∈ X (R× TQ) is a vector field Z1L ∈
X (WL) such that
• the map πL : WL → R× TQ projects Z
1L onto Z, and
• Z1L is an infinitesimal symmetry for λL, namely
LZ1LλL = µZλL
for some µZ ∈ C
∞ (WL).
Theorem 3. Let L ∈ C∞ (R× TQ) be a Lagrangian such that L (t, vq) 6= 0 for all
(t, vq) ∈ R × TQ. Then for every Z ∈ X (R× TQ) which is projectable along the
map id× τQ : R× TQ→ R×Q, there exists a lift Z
1L .
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Proof. Let us consider a general vector field
Z = U
∂
∂t
+ Zi
∂
∂qi
+W i
∂
∂vi
;
its lift must read
Z1L = U
∂
∂t
+ Zi
∂
∂qi
+W i
∂
∂vi
+Ri
∂
∂pi
.
The canonical form in these coordinates is
λL =
(
L (t, q, v)− piv
i
)
dt+ pidq
i
and so
dλL =
∂L
∂qi
dqi ∧ dt+
(
∂L
∂vi
− pi
)
dvi ∧ dt− vidpi ∧ dt+ dpi ∧ dq
i.
Let us define E := L− piv
i. Second condition in Definition 8 translates into
µZE = Z
i ∂L
∂qi
+W i
(
∂L
∂vi
− pi
)
+ E
∂U
∂t
+ pk
∂Zk
∂t
−Riv
i,
0 = E
∂U
∂pi
+ pk
∂Zk
∂pi
,
µZpi = Ri + E
∂U
∂qi
+ pk
∂Zk
∂qi
,
0 = E
∂U
∂vi
+ pk
∂Zk
∂vi
.
The second equation is automatically fulfilled, because neither U nor Zk depend
on the fiber coordinates pi. The same happens with the fourth equation, because
of the projectability assumption. From the third we have that
Ri = µZpi − E
∂U
∂qi
− pk
∂Zk
∂qi
,
and replacing it in the first equation
µZL = Z
i ∂L
∂qi
+W i
(
∂L
∂vi
− pi
)
+ EDtU + pkDtZ
k.
This equation determines µZ because L 6= 0. 
Remark 4. Condition L 6= 0 can be overcome by using a new Lagrangian function
L1 := L + 1. These pair of equivalent Lagrangians L,L1 give us a pair of lifts,
defined on a pair of open sets covering WL; as far as equations of motion depend
ultimately on derivatives of L, any lift yields to the same equations in their common
domain, so no ambiguity regarding the equations of motion remains.
Remark 5. Given a vector field Z ∈ X (M), we can devise another lift to T ∗M
using any of the following equivalent definitions:
• Use Z to define the linear function Z ∈ C∞ (T ∗M); the lift Z1∗ ∈ X (T ∗M)
is then the Hamiltonian vector field associated to this function.
• Take the flow ΦZt : M → M, t ∈ (−ǫ, ǫ) and pull it back to T
∗M ; it gives
rise to a flow (
ΦZt
)∗
: T ∗M → T ∗M
and the lift Z1∗ is the corresponding vector field.
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For a general Z ∈ X (R× TQ), there is no guarantee that these constructions
yield to vector fields tangent to WL; this is the main reason for the definition of lift
adopted in the presente work. Nevertheless, when Z comes from an infinitesimal
symmetry for L, these definitions agree, as will be shown later (see Proposition 5.)
4.1.2. A local basis of vector fields on WL. Given X ∈ X
V (pr1) (R×Q), we can
consider the canonical vertical lift XV ∈ XV (pr1) (R× TQ) and complete lift XC ∈
XV (pr1) (R× TQ). In local coordinates
(
t, qi, vi
)
, if
X = X i
∂
∂qi
we have that [10]
XV = X i
∂
∂vi
XC = X i
∂
∂qi
+ vk
∂Xj
∂qk
∂
∂vj
.
These vector fields have the following brackets[
XV , Y V
]
= 0,
[
XV , Y C
]
= [X,Y ]
V
,
[
XC , Y C
]
= [X,Y ]
C
.
Additionally, for every σ ∈ Γ
(
I1con
)
, we can use the affine structure of WL in
order to define another vector field Zσ ∈ X
V (πL) (WL) such that
(4.1) Zσ
(
ρ|(t,vq)
)
:=
~d
ds
∣∣∣∣∣
s=0
[
ρ|(t,vq) + sσ (t, vq)
]
.
These vector fields have the following property regarding the canonical form λL.
Proposition 4. Let σ ∈ Γ (WL) be a section of the affine bundle πL : WL →
R× TQ. Then ZσyλL ≡ 0 and
LZσλL = −π
∗
Lσ.
Proof. The first property is a consequence of the identity
TπL (Zσ) = 0.
The flow for Zσ is given by
Φσs : ρ(t,vq) 7→ ρ(t,vq) + sσ (t, vq) ,
for every s ∈ R. Then
TΦσs : Vρ 7→ Vρ + s · (Tσ ◦ TτR×TQ) (Vρ) ,
and so
(Φσs )
∗
(i∗LλR×TQ) = [id+ s · (Tσ ◦ TτR×TQ)]
∗
(i∗LλR×TQ)
= i∗LλR×TQ + s · (τR×TQ)
∗
(σ∗i∗LλR×TQ)
= i∗LλR×TQ + s · π
∗
Lσ
because iL ◦ σ = σ and the property σ
∗λR×TQ = σ of the canonical form. 
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For every γ ∈ Ω1 (Q), let us indicate by γ ∈ C∞ (TQ) the linear function
γ (vq) := γq (vq) .
Select a local basis {Zi} ⊂ X (Q) and let
{
βi
}
⊂ Ω1 (Q) be its dual basis. Thus we
can construct the local basis of vertical vector fields{(
ZCi
)1L
,
(
ZVi
)1L
, Zσi
}
⊂ XV (WL) ,
where
σi := (pr2 ◦ τQ)
∗
βi − β
i
dt
is a basis for Γ (Icon).
As discussed above, the lifting of vector fields toWL does not coincide with the re-
striction of more geometrical notions of lifts to the submanifoldWL ⊂ T
∗ (R× TQ).
This situation changes whenever Z ∈ X (Q) is an infinitesimal symmetry for L.
Proposition 5. Let Z ∈ X (Q) be an infinitesimal symmetry for the Lagrangian
L, i.e.
ZC · L = 0.
Then
(
ZC
)1L
=
(
ZC
)1∗∣∣∣
WL
, where
(
ZC
)1∗
∈ X (T ∗ (R× TQ)) is the lift of ZC
defined in Remark 5.
Proof. According to the formulas of Theorem 3, for
Z = Zi
∂
∂qi
we have
ZC = Zi
∂
∂qi
+ vk
∂Zi
∂qk
∂
∂vi
and so
µZCL = 0.
Then the formula for the lift becomes(
ZC
)1L
= Zi
∂
∂qi
+ vk
∂Zi
∂qk
∂
∂vi
− pk
∂Zk
∂qi
∂
∂pi
=
(
ZC
)1∗
as required. 
Under assumption L 6= 0, E 6= 0, functions µ associated to the elements
(
ZC
)1L
and
(
ZV
)1L
can be calculated using the formulas given in the proof of Theorem 3:
We obtain that
µZC =
1
L
ZC · L
µZV =
1
E
(
ZV
)1L
· E
for every Z ∈ X (Q).
Finally, the contraction of these vector fields with the canonical form λL has the
following properties
λL|ρ(t,vq)
((
ZVi
)1L)
= 0(4.2)
λL|ρ(t,vq)
((
ZCi
)1L)
= ρ(t,vq)
(
ZCi
)
λL|ρ(t,vq)
(
Zβi
)
= 0
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for every ρ(t,vq) ∈ WL|(t,vq). Using (3.1), we can write
(4.3) ρ(t,vq) = L (t, vq) dt+ α ◦ TvqτQ − α (vq) dt
for some α ∈ TqQ. Then
λL|ρ(t,vq)
((
ZCi
)1L)
= α (Zi) .
We can write this last equation in an interesting form: Using the map
(4.4) τ : WL → T
∗Q : ρ 7→ α
if and only if ρ is given by formula (4.3), we can pull the linear functions
Zi (αq) := α
(
Zi|q
)
back to WL; then (
ZCi
)1L
yλL = τ
∗Zi.
From now on, we will drop the map τ in the expression of these functions.
4.2. Equations of motion for Lagrangian systems without force term. We
will find equations of motion for a Lagrangian system without force term. It is
interesting to note that equations of similar nature con be found in the literature,
see [8, 5].
Now, if Γ : I ⊂ R→WL is a solution curve for the data (WL, λL), and L has no
zeros, then the conditions found in Section 3.2 can be translated into
Γ∗
((
ZC
)1L
ydλL
)
= 0
Γ∗
((
ZV
)1L
ydλL
)
= 0
Γ∗ (ZσydλL) = 0,
for Z ∈ X (Q) and σ ∈ Γ (Icon). Moreover, using Sections 4.1.1 and 4.1.2, we can
describe the equations of motion as follows.
Proposition 6. If a curve Γ : I ⊂ R → WL gives rise to a solution curve for the
data (WL, λL) associated to a non zero Lagrangian L with non zero energy, then
Γ∗
(
ZC · Ldt− dZ
)
= 0
Γ∗
(
ZV · L− Z
)
= 0
Γ∗ (π∗Lσ) = 0,
for any Z ∈ X (Q) and σ ∈ Γ (Icon).
Proof. Let σ ∈ Γ (Icon) be a section of the contact bundle; Proposition 4 tells us
that
ZσydλL = −π
∗
Lσ.
Then
0 = Γ∗ (ZσydλL)
= −Γ∗ (π∗Lσ) .(4.5)
Now, defining property of lifts translated into
µWλL = LW 1LλL = W
1LydλL + d
(
W 1LyλL
)
;
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using Equations (4.2) and W = ZV we see that
1
L
(
ZV
)1L
·EλL =
(
ZV
)1L
ydλL
and so
Γ∗
(
1
L
(
ZV
)1L
·EλL
)
= 0.
But we know that
λL|ρ(t,vq)
= Ldt+ α ◦ TvqτQ − α (vq) dt
for α ∈ T ∗qQ, and the term α ◦ TvqτQ − α (vq) dt belongs to Icon|(t,vq), so Equation
(4.5) implies that
Γ∗ (λL) = L ◦ Γdt.
Then
Γ∗
((
ZV
)1L
· E
)
= 0;
the final form for this equation results from the identity(
ZV
)1L
· E = ZV · L− Z + µZV ρ
taking into account that Γ∗
((
ZV
)1L
·E
)
= EµZV ◦ Γ = 0.
Finally, recalling that
(
ZC
)1L
yλL = Z,
0 = Γ∗
((
ZC
)1L
ydλL
)
= Γ∗
(
L(ZC)1LλL − d
((
ZC
)1L
yλL
))
= Γ∗
(
µZCλL − dZ
)
= Γ∗
(
ZC · Ldt− dZ
)
as required. 
4.3. Equations of motion for general Lagrangian systems. It only remains
to find the expression of the extremal conditions for general Lagrangian systems,
i.e. something similar to Proposition 6 when a force term is allowed.
Proposition 7. Let Γ : I ⊂ R→WL be a curve associated to a solution curve for
the general system (WL, λL, F ). Let us suppose further that L 6= 0. Then
Γ∗
((
ZC · L+ 〈F,Z〉
)
dt− dZ
)
= 0
Γ∗
(
ZV · L− Z
)
= 0
Γ∗ (π∗Lσ) = 0,
for any Z ∈ X (Q) and σ ∈ Γ (Icon).
Proof. The proof goes as in Proposition 6. The only difference has to do with the
terms associated to the force term
F˜ ∧ dt.
Because TπL ◦W
1L =W for all W ∈ X (R× TQ), we obtain〈
F˜ ,
(
ZC
)1L〉
= 〈F,Z〉
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and
〈
F˜ ,
(
ZV
)1L〉
=
〈
F˜ , Zσ
〉
= 0 for Z ∈ X (Q) and σ ∈ Γ (Icon); the result follows
from these considerations. 
These are the equations of motion in quasi-velocities and quasi-momenta for
general Lagrangian systems.
4.4. On the nature of the equations of motion. Propositions 6 and 7 tell us
that a curve Γ : I → WL gives rise to a solution curve for a Lagrangian system if
and only if its tangent vector field belongs to the annihilator of the set of forms
B :=
{(
ZC · L+ 〈F,Z〉
)
dt− dZ, ZV · L− Z, π∗Lσ : Z ∈ X (Q) , σ ∈ Γ (Icon)
}
.
We are assuming that functions are 0-forms. The next result reduces this set to a
more manageable set of forms.
Lemma 3. Let {Zi} ⊂ X (Q) be a basis of vector fields on Q and {σi} ⊂ Γ (Icon)
a basis of sections for the bundle Icon. Let us define
B′ :=
{(
ZCi · L+ 〈F,Zi〉
)
dt− dZi, Z
V
i · L− Zi, π
∗
Lσi
}
.
A curve Γ : I →WL satisfies the equations
Γ∗α = 0
for every α ∈ B if and only if
Γ∗β = 0
for every β ∈ B′.
In some cases we will have the following situation: We have a set of forms F as
above on a manifold W and a submersion P : W → W˜ .
Definition 9 (Quotient equations). The set of forms F˜ on W˜ defined as follows
F˜ :=
{
γ ∈ Ω•
(
W˜
)
: P ∗γ ∈ F
}
.
will be called set of quotient equations.
The following consequence of this definition will be useful later.
Corollary 1. If P ∗β, β ∈ Ω•
(
W˜
)
belongs to F , then β ∈ F˜ .
Then necessary conditions for curves in W˜ to be projections via P of solution
curves for F in W can be obtained.
Lemma 4. Let Γ : I → W be a curve in W which is a solution curve for Fand
define
Γ˜ := P ◦ Γ.
Then Γ˜∗β = 0 for all β ∈ F˜ .
When these conditions are also sufficient, it is said that we have solved a re-
construction problem. We will not pursue these issues here; readers interested in a
formulation of the reconstruction problem from this viewpoint are referred to [4].
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4.5. Equations of motion, translations and diffeomorphisms. On the other
hand, it could happen that we have a bundle isomorphism Φ : TM → TM (not
necessarily a vector bundle morphism) covering a diffeomorphism φ : M →M ,
TM TM
M M
//Φ

✤
✤
✤
✤
✤
✤
✤
✤
τM

✤
✤
✤
✤
✤
✤
✤
✤
τM
//
φ
It is interesting to see under what conditions such bundle morphism relate equa-
tions of motion of a Lagrangian system on TM to equations of motion of a La-
grangian system on the same bundle. We will use Cartan-like formulation in order
to establish sufficient conditions ensuring equivalence of the set of equations of
motion; this problem will become important when discussing Fehér Lagrangian in
Section 9.
Remark 6. Recall that given X,Y manifolds, W ⊂ T ∗X a subbundle and f : Y →
X a surjective submersion, the pullback bundle
f∗W W
Y X
//
pr1

✤
✤
✤
✤
✤
✤
✤
pr2

✤
✤
✤
✤
✤
✤
✤
✤
τX
//
f
can be seen as a subbundle of T ∗Y with inclusion given by
(y, α) 7→ (Tyf)
∗
α ∈ T ∗y Y.
We expect (see for example [29, 19]) that Lagrangians which differ in a total
derivative yield to the same equations of motions; the correct way to capture this
fact in our setting is to suppose that their Lagrangian forms could differ in a contact
form. Additionally [25], these equations of motion would remain unchanged if these
Lagrangian forms differ in a closed 1-form, which are associated to surface terms
in their corresponding actions.
Given these considerations, it is important to see how translations along a form
modify equations of motion of a Cartan-like system. This can be achieved using
the following general result.
Proposition 8. Let P be a manifold and α ∈ Ω1 (P ) a 1-form on P . Set tα :
T ∗P → T ∗P for the translation induced by α, i.e
tα (β) := β + α|τP (β) .
Let i : W →֒ T ∗P be an affine subbundle and define Wα := tα (W ). Then
• Wα is an affine subbundle of T
∗P .
• If λWα and λW are the restrictions of the canonical 1-form λP to Wα and
W ,
λWα = t
∗
−αλW + i
∗
α (τ
∗
Pα)
where iα : Wα →֒ T
∗P is the canonical inclusion.
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Proof. First item is consequence of the fact that tα : T
∗P → T ∗P is a diffeomor-
phism.
For the second item, let p := τP (β) for β ∈ W ; then α|p + β ∈ Wα, and so
λWα |α|p+β
=
(
α|p + β
)
◦ Tα|p+βτP = β ◦ Tα|p+βτP + α|p ◦ Tα|p+βτP .
On the other side
t∗−α
(
λW |β
)
= β ◦ TβτP ◦ Tβ+α|pt−α
= β ◦ Tα|p+βτP
because of the identity τP ◦ t−α = τP ; moreover
i∗α (τ
∗
Pα)|α|p+β
= α ◦ Tα|p+βτP .
Comparing with previous equations, the result follows. 
Thus, translations yield to the occurrence of gyroscopic forces in equations of
motion, as the following corollary to the previous proposition shows.
Corollary 2. Let Γα : M →Wα be a map such that
Γ∗α (XydλWα) = 0
for X a vector field on Wα. Then for Γ := t−α ◦ Γα the following identity
Γ∗ ((T t−α ◦X)y (dλW + di
∗ (τ∗Pα))) = 0
holds.
We are ready to prove a result concerning equations of motion of Lagrangians
related through bundle isomorphisms of tangent bundle; as expected, neither a
contact nor a closed form change these equations.
Proposition 9. Let φ : M →M,Φ : TM → TM be as above, and suppose that for
L,L′ ∈ C∞ (R× TM) the following identity
Ldt+Θ+ ρ = (id× Φ)
∗
(L′dt)
holds, where ρ,Θ ∈ Ω1 (R× TM), ρ is an arbitrary 1-form and Θ is a contact form
(see Definition 5).
Moreover, suppose further that for F, F ′ : TM → T ∗M bundle maps on idM , we
have
F (vm) = (Tmφ)
∗
(F ′ (Φ (vm))) ∈ T
∗
mM
for every vm ∈ TmM , and that Φ is a contact map,
(id× Φ)
∗
Icon ⊂ Icon.
Then equations of motion of Lagrangian system (M,L, F + dρ) and (M,L′, F ′)
are in one-to-one correspondence via Φ. In particular, equations of motion remains
unchanged for closed forms ρ.
Proof. In the notation of Proposition 8, we have that
(id× Φ)
∗
(WL′) = (WL)ρ .
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Thus, for γ : I ⊂ R→ R× TM a solution curve for (M,L, F ), there exists a curve
Γ : I →WL such that
Γ∗
(
Xy
(
dλL + F˜ ∧ dt+ dρ
))
= 0
for every X ∈ XV (pr1◦πL) (WL).
Then, the curve
γΦ : I → R× TM : t 7→ (id× Φ) (γ (t))
is covered by Γρ : I → (WL′)ρ such that the following diagram commutes
WL (WL′)ρ
I R× TM R× TM
γΦ
Γρ
Γ
γ
(
Φ−1
)∗
πL πρ
Φ
Then, if λρ is the pullback of canonical 1-form on T
∗ (R× TM) to (WL′)ρ, the
curve Γρ =
(
Φ−1
)∗
◦ Γ is such that
Γ∗ρ
(
X ′y
(
dλρ + F˜ ′ ∧ dt
))
= 0
for every X ′ ∈ XV (pr1◦πρ)
(
(WL′)ρ
)
. Now, from Corollary 2, it follows that Γ′ :=
t−ρ ◦ Γρ : I →WL′ is a curve covering γΦ such that
(Γ′)
∗
(
Zy
(
dλL′ + F˜ ′ ∧ dt
))
= 0
for every Z ∈ XV (pr1◦πL′) (WL′). Then γΦ is a solution curve for (M,L
′, F ′).
Finally, using that Φ and φ are invertible, every solution curve of (M,L′, F ′)
gives rise to a solution curve for (M,L, F + dρ). 
5. Cartan-like description for intrinsically constrained systems
Let us see how to reformulate the Cartan-like theory developed for Lagrangian
systems in order to include intrinsically constrained systems. From Definition 2 we
know that an intrinsically constrained system is a triple (π : M → N,L, F ), and
its critical curves are projections of the critical curves of the associated Lagrangian
system (M,p∗1L, F ), where p1 : TM → TMN := TN ×N M is determined by the
formula
p1 (vm) := (Tmπ (vm) ,m) .
We can form the bundle Wp∗1L ⊂ T
∗ (R× TM) using formula (3.2), and equations
of motion arise from Proposition 7. In fact, description of Routh reduction in [24]
makes use of these kind of Lagrangian systems. Thus in the present section we will
focus on construct Lepage-equivalent problems for them.
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5.1. Lepage-equivalent problem for intrinsically constrained systems. The
dynamics of an intrinsically constrained Lagrangian system is tied to the dynamics
of the associated Lagrangian system (M,p∗1L, F ) [24]. For this system, the sub-
bundle Wp∗1L ⊂ T
∗ (R× TM), defined by formula (3.2), allows us to construct its
equations of motion; moreover, the nature of the Lagrangian of this kind of sys-
tem implies that its solutions live in a submanifold. It is proved in the following
proposition. So we will be able to concentrate in this subbundle, and prove that dy-
namics of an intrinsically constrained system is totally determined by this restricted
system.
Proposition 10. Solution curves of
(
Wp∗1L, λp∗1L, F
)
(see Definition 7) lie in the
subbundle
(ker (idR × Tp1))
0
.
Proof. Let us introduce coordinates
(
qi
)
on N and
(
qi, uA
)
on M adapted to the
projection π : M → N ; let
(
qi, vi;uA, wA
)
be the induced coordinates on TM .
The map p1 : TM → TMN becomes
p1
(
qi, vi;uA, wA
)
=
(
qi, vi;uA
)
.
Then on the corresponding coordinate chart in T ∗ (R× TM), with coordinates(
t, qi, vi, pi, Pi; s, u
A, wA, rA, RA
)
,
we will have
(5.1)
Wp∗1L
∣∣
(t,qi,vi;uA,wA)
=
{
p∗1Ldt+ pi
(
dqi − vidt
)
+ rA
(
duA − wAdt
)
: pi, rA ∈ R
}
.
Then the canonical form reads
λp∗1L = p
∗
1Ldt+ pi
(
dqi − vidt
)
+ rA
(
duA − wAdt
)
,
and using Definition 3.3 for the force term, the equation
Γ∗
(
∂
∂wA
y
(
dλp∗1L + F˜ ∧ dt
))
= Γ∗
(
∂
∂wA
ydλp∗1L
)
= 0
reduces to rA = 0, which is the local expression for the subbundle (ker (idR × Tp1))
0
.

The subbundle
W 0p∗1L :=Wp
∗
1L
∩ (ker (idR × Tp1))
0
will allow us to construct a kind of Lepage-equivalent problem for the intrinsi-
cally constrained system on TNM . In order to formulate it, let us define W
N
L ⊂
T ∗ (R× TMN) playing a similar rôle than Wp∗1L → R×TM , but changing the base
space to R× TMN . So let p : TMN → TN be the canonical projection, and define
the subbundle Jcon ⊂ T
∗ (R× TMN) such that
(5.2) Jcon|(t,vn,m) :=
=
{
β ∈ T ∗(t,vn,m) (R× TMN) : β = α ◦ T(t,vn,m) (id× p) for some α ∈ Icon|(t,vn)
}
.
In the coordinates introduced in Proposition 10, we have
p
(
qi, vi;uA
)
=
(
qi, vi
)
,
and so
Jcon|(t,qi,vi;uA) =
{
pi
(
dqi − vidt
)
: pi ∈ R
}
.
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Thus WNL ⊂ T
∗ (R× TMN) is given by
WNL
∣∣
(t,vn,m)
:= L (t, vn) dt+ Jcon|(t,vn,m) ,
as in Equation (3.2).
Proposition 11. The bundle W 0p∗1L coincides with the pullback bundle of W
N
L along
id× p1, namely
W 0p∗1L (id× p1)
∗ (
WNL
)
WNL
R× TM R× TMN
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
τR×TM
//
 
τR×TMN
//
id×p1
Proof. The subbundle W 0p∗1 can be described in local terms by using Eq. (5.1); it
results
W 0p∗1L
∣∣∣
(t,qi,vi;uA,wA)
=
{
p∗1Ldt+ pi
(
dqi − vidt
)
: pi ∈ R
}
.
Now, if a 1-form β = sdt + ridq
i +Midv
i + NAdu
A belongs to Jcon|(t,qi,vi;uA),
there exists α = pi
(
dqi − vidt
)
∈ I1con
∣∣
(t,qi,vi)
such that β = α◦T(t,qi,vi;uA) (id× p);
so contraction of both sides of this equation with a generic vector
V := T
∂
∂t
+Qi
∂
∂qi
+ V i
∂
∂vi
+ UA
∂
∂uA
gives
piQ
i −
(
piv
i
)
T = sT + riQ
i +MiV
i +NAU
A,
namely β = pi
(
dqi − vidt
)
= α. Therefore
WNL
∣∣
(t,qi,vi;uA)
=
{
L
(
t, qi, vi;uA
)
dt+ pi
(
dqi − vidt
)
: pi ∈ R
}
;
the isomorphism with W 0p∗1L is given by the map
Ψ : (id× p1)
∗
WNL →W
0
p∗1L
:
(
t, wm;α(t,vn,m)
)
7−−→ α(t,vn,m)◦T(t,wm) (id× p1) . 
In an intrinsically constrained Lagrangian system the external force is encoded
by a bundle map F : TM → T ∗M covering the identity in M . Definition 3.3 allows
us to construct its associated 1-form on W 0p∗1L, and the isomorphism Ψ gives rise to
a force 1-form on WNL , which we will represent with the same symbol F˜ .
Thus, translation of Definition 2 for solution curves of an intrinsically constrained
Lagrangian system to this new setting, gives rise to the following result.
Proposition 12. A curve m : I ⊂ R → M is a critical curve for the intrinsically
constrained system (π : M → N,L, F ) if and only if there exists a curve Γ : I →
WNL such that
(1) τN ◦ pr2 ◦ (id × p) ◦ τR×TMN ◦ Γ = m,
(2) pr1 ◦ τR×TMN ◦ Γ = id, and
(3) Γ∗
(
Xy
(
dλNL + F˜ ∧ dt
))
= 0 for any X ∈ XV
(
WNL
)
, where F˜ ∈ Ω1
(
WNL
)
is the 1-form determined by F on WNL . If F comes from a 2-form, this
requeriment can be written as
Γ∗
(
Xy
(
dλNL + F
))
= 0
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for any X ∈ XV
(
WNL
)
.
Proof. Relevant bundles and maps involved in this proof are indicated in the fol-
lowing diagram
W 0p∗1L W
N
L
R× TM R× TMN
R×M R×N
R
id× p1
id× τM id× (τN ◦ p)
id× π
m
Γ′ Γ
Definition (2) applies to the system on
(
Wp∗1L, λp∗1L, F
)
, because it describes
a general Lagrangian system. Moreover, from condition Im Γ˜ ⊂ W 0p∗1L we have
that these equations induce equations for the solution curve Γ′ : I → W 0p∗1L; these
equations are
Γ∗
(
Xy
(
dλ0p∗1L + F˜ ∧ dt
))
= 0
for every X ∈ XV (pr1◦τR×TM )
(
W 0p∗1L
)
.
On the other hand, the canonical forms λ0p∗1L and λ
N
L on W
0
p∗1L
and WNL re-
spectively have the same form in local coordinates, so we need to see if the extra
variables in W 0p∗1L yield to additional equations. But
∂
∂wA
ydλ0p∗1L = 0
identically, so Equations (3) coincide the equations characterizing m as a solution
curve for the data
(
Wp∗1L, λp∗1L, F
)
. 
It means that intrinsically constrained systems can be described in terms of a
Lepage-equivalent problem.
5.2. Equations of motion for intrinsically constrained systems. Let us make
use of the lift to WNL in order to find the equations of motion for an intrinsically
constrained system. Recall that this bundle is not a classical Lepage-equivalent;
therefore, it is not defined on a tangent bundle, and the contact structure used in
its construction is borrowed from TN via a pullback. So it is necessary to generalize
ROUTH REDUCTION AND CARTAN MECHANICS 23
the lift of vector fields found in Section 4.1 to this case. It will be achieved in the
present section by using the corresponding lifts on the bundle W 0p∗1L.
So, first let us fix an Ehresmann connection on π : M → N . The lift of vector
fields from N to M will be indicated by X 7→ XHM . For every Z ∈ X (N), we lift it
to M and using complete and vertical lifts, to
(
ZHM
)C
,
(
ZHM
)V
∈ X (R× TM);
to any W ∈ Γ (V π), we can assign vector fields WC ,WV ∈ X (R× TM). On the
other side, we can construct two lifts to TMN , namely
ZCN + ZHM , ZVN + 0 ∈ X (TMN) .
Here CN , VN indicate complete and vertical lift from N to TN . Moreover, for
V ∈ X (M) a vertical vector field on M , we have the vector field
0 + V ∈ X (TMN) .
Then the following result holds.
Lemma 5. Let Z ∈ X (N) and W ∈ Γ (V π) be arbitrary vector fields. Then(
ZHM
)C
,
(
ZHM
)V
,WC ∈ X (R× TM)
are p1-related to
ZCN + ZHM , ZVN + 0, 0 +W
respectively; WV is in kerTp1.
Proof. Let
(
qi, uA
)
be local coordinates onM adapted to π and
(
qi, vi, uA, wA
)
the
associated coordinates on TM ; in terms of these coordinates
π
(
qi, uA
)
=
(
qi
)
p1
(
qi, vi, uA, wA
)
=
(
qi, vi, uA
)
.
There exist a collection
{
ΓAi
}
of functions on the coordinates domain such that(
∂
∂qi
)HM
=
∂
∂qi
+ ΓAi
∂
∂uA
.
Moreover, there exists local functions
{
Zi
}
on N such that
Z = Zi
∂
∂qi
;
then(
ZHM
)C
= Zi
∂
∂qi
+ ZiΓAi
∂
∂uA
+ vk
∂Zi
∂qk
∂
∂vi
+
+
(
vkΓAi
∂Zi
∂qk
+ vkZi
∂ΓAi
∂qk
+ wCZi
∂ΓAi
∂uC
)
∂
∂wA
and (
ZHM
)V
= Zi
(
∂
∂vi
+ ΓAi
∂
∂wA
)
.
So we have that
Tp1 ◦
(
ZHM
)C
= Zi
∂
∂qi
+ ZiΓAi
∂
∂uA
+ vk
∂Zi
∂qk
∂
∂vi
= ZCN + ZHM
Tp1 ◦
(
ZHM
)V
= Zi
∂
∂vi
= ZVN + 0.
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On the other side, there exist
{
WA
}
functions on M such that
W = WA
∂
∂uA
;
therefore
WC =WA
∂
∂uA
+
(
vk
∂WA
∂qk
+ wB
∂WA
∂uB
)
∂
∂wA
WV =WA
∂
∂wA
and the rest of the lemma follows. 
Let us recall that we have the maps p : TMN → TN, q : TMN →M making the
following diagram commutative
(5.3)
TM TMN M
TN N
//
p1

❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
Tπ

✤
✤
✤
✤
✤
✤
✤
✤
q
//
p

✤
✤
✤
✤
✤
✤
✤
✤
✤
π
//
τN
Let us indicate with
q1 : W
0
p∗1L
→WNL
the map constructed above (see Proposition 11). The following result allows us to
extend the notion of lift to the bundle WNL .
Proposition 13. Let Y ∈ X (R× TM) be a vector field (p ◦ p1)- and (q ◦ p1)-
projectable, and vertical for the projection R × TM → R. Then the lift Y
1p∗1L ∈
X
(
Wp∗1L
)
is tangent to W 0p∗1L, and is q1-related to a vector field
Y 1
L
N := Tq1 ◦ Y
1p∗
1
L .
Proof. The requeriments on Y imply that
Y = Y i
∂
∂qi
+RA
∂
∂uA
+ Si
∂
∂vi
+ TA
∂
∂wA
,
where Y i, Si are functions on N and RA is a function on M . Then
Y
1p∗1L = Y+
(
µY pi − pk
∂Y k
∂qi
− rA
∂RA
∂qi
)
∂
∂pi
+
(
µY rB − pk
∂Y k
∂uB
− rA
∂RA
∂uB
)
∂
∂rB
where
µY =
1
L
(
Y i
∂L
∂qi
+RA
∂L
∂uA
+ Si
(
∂L
∂vi
− pi
)
+
+ TA
(
∂L
∂wA
− rA
)
+ pkDtY
k + rADtR
A
)
.
Now L does not depend on variables wA, and on W 0p∗1L we have rA = 0, so µY
becomes a function on TMN ; now
Y
1p∗1L
∣∣∣
W 0
p∗
1
L
= Y +
(
µY pi − pk
∂Y k
∂qi
)
∂
∂pi
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is tangent to W 0p∗1L, and
Tq1 ◦ Y
1p∗1L
∣∣∣
W 0
p∗1L
= Y i
∂
∂qi
+RA
∂
∂uA
+ Si
∂
∂vi
+
(
µY pi − pk
∂Y k
∂qi
)
∂
∂pi
is a vector field on WNL , as required. 
Then we can relate equations of motion on bundles WNL and W
0
p∗1L
. First, let us
recall the following description for these bundles, namely
W 0p∗1L
∣∣∣
(t,Vm)
=
{
p∗1Ldt+ α̂ ◦ Tmπ ◦ TVmτM − α̂ (Tmπ (Vm)) dt : α̂ ∈ T
∗
π(m)N
}
WNL
∣∣
(t,vn,m)
=
{
Ldt+ α̂ ◦ TvnτN ◦ T(vn,m)p− α̂ (vn) dt : α̂ ∈ T
∗
π(m)N
}
.
It means that for every σ ∈ Ω1 (N), we can construct, as before, a pair of vector
fields Z ′σ ∈ X
(
W 0p∗1L
)
, Z ′′σ ∈ X
(
WNL
)
which are q1-related. In fact, for every
σ ∈ Ω1 (N), we define
σ′ := (π ◦ τM )
∗
σ − σdt
σ′′ := (τN ◦ p)
∗
σ − σdt
where σ is the linear function induced by σ on the corresponding base space; then
we use Equation (4.1) to define the vector fields.
Corollary 3. Equations of motion on WNL are quotient equations via q1 of equa-
tions of motion on W 0p∗1L.
Proof. Using Y ∈ X (R× TM) vector field (p ◦ p1)- and (q ◦ p1)-projectable, and
vertical for the projection pr1 : R × TM → R, we can found a basis of vertical
vector fields on both W 0p∗1L and W
N
L ; to them we need to add vector fields of the
form Z ′σ ∈ X
(
W 0p∗1L
)
, Zσ ∈ X
(
WNL
)
for σ ∈ Ω1 (N). Now, let Γ′ : I → W 0p∗1L and
Γ := q1 ◦ Γ
′; then, from
λ0p∗1L = q
∗
1λ
N
L
we have that
(Γ′)
∗
(
Y
1p∗1Lydλ0p∗1L
)
= Γ∗
(
Y 1
N
L ydλNL
)
,
so Γ′ will be solution if and only if Γ is. 
6. Lepage-equivalent problems and symmetry
Now let us concentrate in a Lagrangian system with symmetry. It means that
there exists a Lie group G with an action on Q such that its lift to TQ acts by
symmetries of the Lagrangian function L ∈ C∞ (R× TQ). As our viewpoint is to
represent Lagrangian system (Q,L, F ) with the subbundle WL and its Cartan form
λL, it is necessary to translate symmetry considerations to the new description.
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6.1. Momentum map for Lepage-equivalent problems. Previously (see Def-
inition 3) we defined a Lie group G as being a symmetry group for the Lagrangian
system (Q,L, F ) if and only if it acts on Q in such a way that the canonical projec-
tion onto its orbit space pQG : Q→ Q/G defines a principal bundle, and it keeps the
Lagrangian L and the map F invariant. Under these hypothesis, we have a natural
lifting of this action to T ∗ (R× TQ), which preserves the canonical 1-form λR×TQ
and the subbundle Icon (i.e. Proposition 5.)
Lemma 6. The subbundle WL and the canonical form λL are invariant for the
lifted action.
Thus we can define the momentum map J : WL → g
∗ via the classical formula
〈J (α) , ξ〉 := λL|α (ξWL) , ξ ∈ g.
This momentum map coincides with the original.
Proposition 14. Let JL : TQ → g
∗ be the momentum map for the invariant
Lagrangian system (Q,L, F ). Then
s∗0J = JL
where s0 : R× TQ→WL is the section constructed in Lemma 1.
Proof. We have that
λL|α (ξWL) = α (ξR×TQ) .
By Equation (3.5) for the section s0, we have that
〈s∗0J (t, v) , ξ〉 = s0 (t, v) (ξR×TQ) = θL|(t,v) (ξTQ) = JL (v) ,
as required. 
This map is a suitable generalization of the momentum map to this setting.
Corollary 4. J is conserved on solutions of (WL, λL, F ).
Proof. It is just necessary to use the characterizations of the solutions for (WL, λL, F )
given in Theorem 2, realizing that ξWLyF˜ = 〈F, ξQ〉 = 0 by Definition 3. 
Let us indicate by J0 : T
∗Q → g∗ the momentum map associated to the lifted
G-action on the exact symplectic manifold T ∗Q.
Proposition 15. Momentum maps J and J0 are related through
J = τ∗J0
where τ : WL → T
∗Q is the map defined in Equation (4.4).
Proof. Let us recall from Remark 1 that ρ ∈ WL|(t,vq) corresponds to (t, vq, α) if
and only if
ρ = L (t, vq) dt+ α ◦ TvqτQ − α (vq) dt.
Therefore
J (ρ) (ξ) = λL|ρ (ξWL)
= ρ (ξR×TQ)
=
(
α ◦ TvqτQ
)
(ξTQ)
= α (ξQ)
= J0 (α) (ξ)
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for every ξ ∈ g, as required. 
6.2. Symmetry and projection of solution curves. We have a G-action on
WL, a G-invariant form on this manifold and a momentum map, so it makes sense
to ask about the G-invariance of solution curves.
Lemma 7. Let g ∈ G be an element of the symmetry group, and γ : I → Q a
solution for (WL, λL, F ). Then g · γ : I → Q is also a solution for (WL, λL, F ).
Proof. First recall that equivariance of the force term F implies G-invariance of the
form F˜ . From Definition 7, in order to show g · γ is a solution for (WL, λL, F ), we
need to find a curve Γg : I →WL such that the requeriments in this definition are
met. If Γ : I → WL is the corresponding curve for γ, we can see that Γ
g := g · Γ
fullfills the first two requeriments.
For the last item in Definition 7, we select a set of (perhaps local) G-invariant
generators {Z} for XV (WL), and so
(Γg)
∗
(
Zy
(
dλL + F˜ ∧ dt
))
= (g · Γ)
∗
(
Zy
(
dλL + F˜ ∧ dt
))
= Γ∗
(
Zy
(
dλL + F˜ ∧ dt
))
because of the G-invariance of λL, F˜ and Z. 
It means in particular that it is possible to project solution curves on quotient
spaces by symmetry groups.
6.3. Routh function and level sets of the momentum mapping. We want
to provide a definition for the Routh function associated to the problem (WL, λL).
We fix an element µ ∈ g∗ which is regular for JL, and define the submanifold
WµL := J
−1 (µ) .
Lemma 8. Under identification (3.3), we have that
J−1 (µ) ≃ R×
(
TQ⊕ J−10 (µ)
)
.
Proof. It is a consequence of Proposition 15. 
Remark 7. Lemma 8 tells us that WµL is equivalent to manifold Mµ considered in
[13].
Corollary 5. We have that
WµL |(t,vq) =
{
L (t, vq) dt+ α ◦ TvqτQ − α (vq) dt : α ∈ J
−1
0 (µ) ∩ T
∗
qQ
}
for every (t, vq) ∈ R× TQ.
7. Routh reduction for mechanical systems
Throughout this section H := Gµ indicates the isotropy group for µ ∈ g
∗ regular
value for the momentum map µ; h will be the Lie algebra associated to H . It is
time to relate the dynamics of the unreduced system (Q,L, F ) with the reduced
system defined on T (Q/G) × Q/H × g˜ with Routhian Rµ and a gyroscopic force
coming from reduction of the 2-form 〈µ, dωQ〉. We know [24] that this system can
be interpreted as an intrinsically constrained system via a map
p1 : T (Q/H × g˜)→ T (Q/G)×Q/H × g˜,
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and it was proved in Section 5 of the present work that equations of motion onW
Q/G
Rµ
are the projections of equations of motion for W 0
p∗1Rµ
. Thus Routh reduction in our
formulation reduces to relate this latter system with Lagrangian system represented
by the bundle WL; the purpose of the present section is to prove this relation.
For µ ∈ g∗, we define on R× TQ the Routhian
Rµ (t, vq) := L (t, vq)−
〈
µ, ωQ|q (vq)
〉
where ωQ ∈ Ω
1 (Q, g) is a connection 1-form on the G-principal bundle pQG :
Q → Q/G. As H is the isotropy group for µ ∈ g∗, Rµ induces a function
Rµ ∈ C
∞ (R× TQ/H). We can provide the reader with a quick summary of the
steps we will do below:
• First we will use the connection form ωQ in order to find a decomposition
of the contact bundle.
• Then we will proceed to relate the Cartan bundleWL associated to the orig-
inal Lagrangian system (Q,L, F ) with the Cartan bundle W 0
p∗1Rµ
associated
to the pullback Routhian p∗1Rµ.
• The force term p∗1f to be used in this system is determined by the reduced
force term f : TQ/G→ T ∗ (Q/G) induced by the G-invariant force F [23].
In fact, we have the map
T (Q/H × g˜) T (Q/G)×Q/H × g˜ T (Q/G)× g˜ TQ/G
r1
p1 pr13 ∼
so force term can be written as
T (Q/H × g˜) TQ/G T ∗ (Q/G) T ∗ (Q/H × g˜)
p∗1f
r1 f
(
φH
)∗
i.e.
p∗1f := (f ◦ r1) ◦ Tφ
H ,
where
φH : Q/H × g˜→ Q/G : ([q]H , [q, ξ]G) 7→ [q]G .
7.1. Connections and a decomposition of the contact bundle Icon. Let us
consider connection ωQ ∈ Ω
1 (Q, g) previously chosen. It gives rise to a connection
ωTQ ∈ Ω
1 (TQ, g) via pullback along τQ
ωTQ := τ
∗
QωQ.
Now, using the description of the contact subbundle provided by Equation (3.1),
we can find a decomposition of this subbundle induced by a connection on Q. In
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fact, we have the pullback bundle(
pQG
)∗
T ∗ (Q/G) T ∗ (Q/G)
Q Q/G
//
 
τQ/G
//
pQG
It gives rise to the decomposition
T ∗Q =
(
pQG
)∗
(T ∗ (Q/G))×Q (Q× g
∗)
induced by the connection ωQ, through the correspondence(
α̂[q], q, σ
)
7−→ α̂[q] ◦ Tqp
Q
G + 〈σ, ωQ (·)〉 .
It induces a factorization Icon = I˜con ⊕ Ig∗ , where
I˜con
∣∣∣
(t,vq)
:=
{
α̂[q] ◦ Tqp
Q
G ◦ TvqτQ − α̂[q] ◦ Tqp
Q
G (vq) dt : α̂[q] ∈ T
∗
[q] (Q/G)
}
Ig∗ |(t,vq) :=
{〈
σ, ωQ ◦ TvqτQ
〉
− 〈σ, ωQ (vq)〉 dt : σ ∈ g
∗
}
=
{〈
σ, ωTQ|vq − ωQ (vq) dt
〉
: σ ∈ g∗
}
.
Definition 10 (Routh decomposition). The decomposition
Icon = I˜con ⊕ Ig∗
for the contact subbundle will be called Routh decomposition associated to the
connection ωQ.
Remark 8. Using Routh decomposition, we have that ρ ∈ WµL |(t,vq) if and only if
ρ = L (t, vq) dt+ α̂[q] ◦ Tp
Q
G ◦ TvqτQ − α̂[q] ◦ Tp
Q
G (vq) dt+
〈
µ, ωTQ|vq − ωQ (vq) dt
〉
for some α̂[q] ∈ T
∗
[q] (Q/G). This fact will be useful in the proof of Theorem 4;
namely, it can be written as
ρ = [L (t, vq)− 〈µ, ωQ (vq)〉] dt+
+ α̂[q] ◦ Tp
Q
G ◦ TvqτQ − α̂[q] ◦ Tp
Q
G (vq) dt+
〈
µ, ωTQ|vq
〉
= Rµ (t, vq) dt+ α̂[q] ◦ Tp
Q
G ◦ TvqτQ − α̂[q] ◦ Tp
Q
G (vq) dt+
〈
µ, ωTQ|vq
〉
so every element of WµL is the sum of three terms: A term Rµ (t, vq) dt involving
the Routh function, a form in the contact bundle of R × T (Q/G), and the form〈
µ, ωTQ|vq
〉
, which gives rise to gyroscopic forces. The first two terms can be
related to elements in W 0
p∗1Rµ
; the third element induces a translation in the space
of 1-forms where W 0
p∗1Rµ
lives.
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7.2. Equations on W 0
p∗1Rµ
. It remains to show the equivalence of mechanical sys-
tems associated to bundles
W 0
p∗1Rµ
→ R× T (Q/H × g˜) and WµL → R× TQ.
It will be done in the present section; the fact that T (Q/H × g˜) and TQ are
not directly related by a map must be overcome by means of a pullback bundle
construction. It is worth to mention that the comparison between these affine
bundles of forms requires an additional translation along a form related to the
connection form; an interesting rôle in the proof is played by Routh decomposition.
7.2.1. Comparing systems with a pullback bundle construction. We need to compare
equations onW 0
p∗1Rµ
with the equations of motion onWµL ; in order to do it properly,
let us define
(7.1) fω : TQ→ Q/H × g˜ : vq 7→
(
[q]H ,
[
q, ωQ|q (vq)
]
G
)
.
This allows us to construct the pullback bundle
R× f∗ω (T (Q/H × g˜)) R× T (Q/H × g˜)
R× TQ R×Q/H × g˜

prω1
//
prω2

id×τQ/H×g˜
//
id×fω
Let us define
FQ/Hω := f
∗
ω (T (Q/H × g˜)) .
We can pullback bundles WµL → R × TQ and W
0
p∗1Rµ
→ R × T (Q/H × g˜) along
projections prωi , i = 1, 2; for every ρ :=
(
t, vq,W([q]H ,[q,ξ]G)
)
∈ R× F
Q/H
ω , we have
(ρ, λ) ∈ (prω1 )
∗
(WµL ) if and only if λ ∈ W
µ
L |(t,vq)
and
(ρ, σ) ∈ (prω2 )
∗
(
W 0
p∗1Rµ
)
if and only if σ ∈ W 0
p∗1Rµ
∣∣∣
(t,[q]H ,[q,ξ]G)
.
It means in particular that λ ◦ Tρpr
ω
1 and σ ◦ Tρpr
ω
2 are forms on R× F
Q/H
ω ; thus
we can consider these pullback bundles as subbundles of T ∗
(
R× F
Q/H
ω
)
. Then we
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have the diagram
T ∗
(
R× FQ/Hω
)
(prω1 )
∗
(WµL ) (pr
ω
2 )
∗
(
W 0
p∗1Rµ
)
WµL R× F
Q/H
ω
W 0
p∗1Rµ
R× TQ R× T (Q/H × g˜)
R×Q/H × g˜
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
* 

77♦♦♦♦♦♦♦♦♦♦
 ww♦♦
♦♦
♦♦
♦♦
♦
4 T
gg❖❖❖❖❖❖❖❖

 ww♦♦
♦♦
♦♦
♦♦
♦♦
♦
prω1 ''❖
❖❖
❖❖
❖❖
❖❖
❖❖
prω2 
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
id×fω
ww♦♦
♦♦♦
♦♦
♦♦
♦♦
♦
id×τQ/H×g˜
where, using the identification mentioned before,
(prω1 )
∗
(WµL )
∣∣
ρ
=
{
γ ◦ Tρpr
ω
1 ∈ T
∗
ρ
(
R× FQ/Hω
)
: γ ∈ WµL |(t,vq)
}
(prω2 )
∗
(
W 0
p∗1Rµ
)∣∣∣
ρ
=
{
σ ◦ Tρpr
ω
2 ∈ T
∗
ρ
(
R× FQ/Hω
)
: σ ∈ W 0
p∗1Rµ
∣∣∣(
t,W([q]H,[q,ξ])
)
}
.
The maps
ΦL : (pr
ω
1 )
∗
(WµL )→W
µ
L : γ ◦ Tρpr
ω
1 7→ γ,
Φ0
p∗1Rµ
: (prω2 )
∗
(
W 0
p∗1Rµ
)
→W 0
p∗1Rµ
: σ ◦ Tρpr
ω
2 7→ σ
are well-defined, because prωi , i = 1, 2 are surjective maps. Moreover, these maps
have nice properties regarding the canonical structures on these spaces.
Proposition 16. Let λ′L, λ
′
p∗1Rµ
be the pullback of the canonical 1-form on
T ∗
(
R× FQ/Hω
)
to (prω1 )
∗
(WµL ) and (pr
ω
2 )
∗
(
W 0
p∗1Rµ
)
respectively. Then(
Φ0
p∗1Rµ
)∗
λ0
p∗1Rµ
= λ′
p∗1Rµ
, Φ∗LλL = λ
′
L.
7.2.2. Routh reduction for Cartan-like systems. We will relate equations in W 0
p∗1Rµ
with equations in WµL . As we said above, it is necessary to compare the bundles
supporting these equations in R× F
Q/H
ω . This is done in two stages:
• We will prove first that (prω1 )
∗ (WµL ) is a subbundle in T
∗
(
R× F
Q/H
ω
)
obtained from (prω2 )
∗
(
W 0
p∗1Rµ
)
via a translation (in the sense of Proposition
8 and Corollary 2) along a suitable 1-form related to connection ωQ, already
chosen in Section 7.1.
• After that, the relation between the equations can be set by direct inspec-
tion.
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Now, let us apply these considerations to our problem: We need to compare
dynamics associated with bundleW 0
p∗1Rµ
with the dynamics of the unreduced system
WµL . This will be achieved using translations along a form associated to µ ∈ g
∗ and
the connection form ωQ chosen in Section 7.1; namely, let us define
(7.2) ωµ := 〈µ, ωQ〉 ∈ Ω
1 (Q) .
Thus, we are ready to establish the main result of this section. From Proposition
11 we know that
W 0
p∗1Rµ
∣∣∣(
t,W([q]H,[q,ξ]G)
) =
{
α ◦ T(
t,W([q]H,[q,ξ]G)
)p1 : α ∈ WQ/GRµ
∣∣∣
p1
(
t,W([q]H,[q,ξ]G)
)
}
.
Recall from Equation (5.2) that
W
Q/G
Rµ
= Rµdt+ Jcon;
additionally we have the commutative diagram (5.3), that in this case yields to
,
T (Q/H × g) TQ/H×g˜ (Q/G)
T (Q/G)
//
p1
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
TφH

p
so α′ ∈ W 0
p∗1Rµ
∣∣∣(
t,W([q]H,[q,ξ]G)
) if and only if (for clarity, we drop some indices
regarding evaluation for tangent maps involved in the calculation)
α′ = p∗1Rµdt+ α̂[q] ◦ TτQ/G ◦ T (p ◦ p1)− α̂[q] ◦ T (p ◦ p1)
(
W([q]H ,[q,ξ]G)
)
dt
= p∗1Rµdt+ α̂[q] ◦ TτQ/G ◦ TTφ
H − α̂[q] ◦ TTφ
H
(
W([q]H ,[q,ξ]G)
)
dt.(7.3)
Theorem 4. With the notation introduced above,
tωµ
(
(prω2 )
∗
(
W 0
p∗1Rµ
))
= (prω1 )
∗
(WµL ) .
Proof. Using Remark 8, we see that any element
(ρ, α ◦ Tρpr
ω
1 ) ∈ (pr
ω
1 )
∗
(WµL )
is such that
α = L (t, vq) dt+ α̂[q] ◦Tqp
Q
G ◦TvqτQ− α̂[q] ◦Tqp
Q
G (vq) dt+
〈
µ, ωTQ|vq − ωQ (vq) dt
〉
for some α̂[q] ∈ T
∗
[q] (Q/G). This can be rearranged as
(7.4)
α = [L (t, vq)− 〈µ, ωQ (vq)〉] dt+α̂[q]◦Tqp
Q
G◦TvqτQ−α̂[q]◦Tqp
Q
G (vq) dt+
〈
µ, ωTQ|vq
〉
.
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Now, consider the following diagram
FQ/Hω
TQ T (Q/H × g˜)
Q Q/H × g˜ T (Q/G)
Q/G
zztt
tt
tt
tt
tt
t
prω1
$$❏
❏❏
❏❏
❏❏
❏❏
❏
prω2

τQ
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
fω

TφH
zztt
tt
tt
tt
tt
t
τQ/H×g˜
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏
pQG

φH
zztt
tt
tt
tt
tt
t
τQ/G
From Equation (7.3), we have that (ρ, α′ ◦ Tρpr
ω
2 ) ∈ (pr
ω
2 )
∗
(
W 0
p∗1Rµ
)
if and only if
α′ = p∗1Rµdt+ α̂[q] ◦ TτQ/G ◦ Tφ
H − α̂[q] ◦ Tφ
H
(
W([q]H ,[q,ξ]G)
)
dt,
so
(7.5) α′ ◦Tρpr
ω
2 = p
∗
1Rµdt+ α̂[q] ◦Tp
Q
G◦TτQ ◦Tpr
ω
1 − α̂[q] ◦Tφ
H
(
W([q]H ,[q,ξ]G)
)
dt.
Finally, using the commutative diagram
FQ/Hω T (Q/H × g˜)
TQ T (Q/G)
//
prω2

prω1

TφH
//
TpQG
it results that
α̂[q] ◦ Tφ
H
(
W([q]H ,[q,ξ]G)
)
= α̂[q] ◦ Tp
Q
G (vq) ,
and using it together with Equation (7.2) in the comparison of Equation (7.5) with
Equation (7.4), we obtain the desired result. 
This theorem allows us to prove the following result, relating equations onW 0
p∗1Rµ
and WµL .
Corollary 6. Equations of motion on W 0
p∗1Rµ
and WµL coincide.
Proof. In sake of simplicity, we will prove this corollary in absence of forces terms;
they can be restored in a straightforward manner. Let us take a curve Γ : I →
(prω1 )
∗ (WµL ) and a vector field Z ∈ X
(
(prω1 )
∗ (WµL )
)
such that
Γ∗ (Zydλ′L) = 0.
Then, using Proposition 16, we will have that for ΓL := ΦL ◦ Γ,
Γ∗L ((TΦL ◦ Z)ydλL) = 0.
Now
(prω1 )
∗ (WµL ) =
(
(prω2 )
∗
(
W 0
p∗1Rµ
))
ωµ
,
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so from Corollary 2 it results that
Γ1 := t−ωµ ◦ Γ : I → (pr
ω
2 )
∗
(
W 0
p∗1Rµ
)
obeys the equation
Γ∗1
((
T t−ωµ ◦ Z
)
y
(
dλ′
p∗1Rµ
+
(
π′
p∗1Rµ
)∗
dωµ
))
= 0,
where π′
p∗1Rµ
: (prω2 )
∗
(
W 0
p∗1Rµ
)
→ R× F
Q/H
ω is the canonical projection.
Recall now that dωµ is basic for the projection p
Q
H : Q→ Q/H ; then there exists
βµ ∈ Ω2 (Q/H) such that (
pQH
)∗
βµ = dωµ.
Therefore using again Proposition 16, the map
Γ′ := Φ0
p∗1Rµ
◦ Γ : I →W 0
p∗1Rµ
is a solution of the equation
(Γ′)
∗
((
TΦ0
p∗1Rµ
◦ T t−ωµ ◦ Z
)
y
(
dλ0
p∗1Rµ
+
(
π0
p∗1Rµ
)∗
βµ
))
= 0. 
8. Reduced implicit Lagrange-Routh equations
In the present section we will use the previous considerations in order to write the
equations of motion for the system
(
W 0
p∗1Rµ
, λ0
p∗1Rµ
)
in terms of quasicoordinates.
It will allows us to compare them with the corresponding equations (4.1) obtained
in [13]. As before, throughout this section H := Gµ indicates the isotropy group for
µ ∈ g∗ regular value for the momentum map µ; h will be the Lie algebra associated
to H .
8.1. Gyroscopic force induced by connection ωQ. We will calculate the gy-
roscopic force term determined on T (Q/H × g˜) by the connection defined on Q→
Q/G by ωQ.
This connection induces in turn a connection on the bundle πµ : Q/H → Q/G,
when it is considered as an associated bundle for Q through the bundle isomorphism
Q×G (G/H) ≃ Q/H.
Thus horizontal spaces on Q/H are the projection along pQH : Q→ Q/H of the
horizontal spaces on Q associated to the connection ωQ. It means in particular that
if Z ∈ X (Q/G) and ZHQ ∈ X (Q) , ZHQ/H ∈ X (Q/H) indicate the horizontal lifts
for these connections of Z to Q and Q/H respectively, we will have that
ZHQ/H = TpQH ◦ Z
HQ .
Moreover, a similar identity can be set for infinitesimal generators
ξQ/H = Tp
Q
H ◦ ξQ, ξ ∈ g
associated to the action of G on Q and Q/H ; using the fact that G acts transitively
on G/H , there exists Z ∈ X (Q/G) , ξ ∈ g such that
V = ZHQ/H ([q]H) + ξQ/H ([q]H) .
for every V ∈ T[q]H (Q/H).
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Following [23], let us consider the pullback bundle π∗µg˜ = Q/H × g˜ and its
subbundle h˜ := Q× h/H ; then the quotient bundle π∗µg˜/h˜ is well-defined.
Now, let V ∈ T[q]H (Q/H) be any vector on Q/H and vq ∈ TqQ such that
Tqp
Q
H (vq) = V ;
then (
Tqp
Q
H
)−1
(V ) = {vq + ζQ (q) : ζ ∈ h} ,
and so we can define the π∗µg˜/h˜-valued 1-form ω̂ via
ω̂|[q]H
(V ) :=
[
q,
[
ωQ|q (vq)
]
h
]
G
.
It induces a correspondence
T (Q/H) ≃ π∗µT (Q/G)× π
∗
µg˜/h˜
via the map
T[q]H (Q/H) ∋ V 7→ T[q]Hπµ (V ) + ω̂|[q]H
(V ) .
Its inverse is given by(
[q]H , v̂[q]G
)
+
(
[q]H ,
[
q, [ξ]h
]
G
)
7→
(
v̂[q]G
)HQ/H
[q]H
+ ξQ/H ([q]H) .
Therefore, we are ready to find an expression for the 2-form βµ, namely, for
Vi = (v̂i)
HQ/H
[q]H
+ (ξi)Q/H ([q]H) ,
with v̂i ∈ T[q]H (Q/H) , ξi ∈ g and i = 1, 2, we obtain
βµ|[q]H
(V1, V2) =
= βµ|[q]H
(
(v̂1)
HQ/H
[q]H
+ (ξ1)Q/H ([q]H) , (v̂2)
HQ/H
[q]H
+ (ξ2)Q/H ([q]H)
)
= βµ|[q]H
◦ Tqp
Q
H
(
(v̂1)
HQ
q + (ξ1)Q (q) , (v̂2)
HQ
q + (ξ2)Q (q)
)
= dωµ|q
(
(v̂1)
HQ
q + (ξ1)Q (q) , (v̂2)
HQ
q + (ξ2)Q (q)
)
=
〈
µ, ΩQ|q
(
(v̂1)
HQ
q , (v̂2)
HQ
q
)
− [ξ1, ξ2]
〉
.
where ΩQ is the curvature form for ωQ on Q.
According to [23], we can define a map µ˜ : G/H → g˜∗ such that
〈µ˜ ([q]H) , [q, ξ]G〉 = 〈µ, ξ〉 ;
the bracket on g˜ gives rise to a section of the bundle ∧2π∗µg˜
∗/h˜→ G/H via〈
ad∗µ˜ ([q]H) ,
([
q, [ξ1]h
]
G
,
[
q, [ξ2]h
]
G
)〉
= 〈µ, [ξ1, ξ2]〉 .
Thus writing
V = V h + V v ∈ π∗µT (Q/G)× π
∗
µg˜/h˜
we obtain
(8.1) V yβµ|[q]H
=
(
V h
)HQ
q
y ΩQ|q − V
v
yad∗µ˜ ([q]H) .
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8.2. Considerations on the derivatives of the Routh function. It is our aim
here to find the derivatives of the Routh function p∗1Rµ along vertical directions
associated to Q/H-variables in T (Q/H × g˜).
The 1-form ωµ, defined in Equation (7.2), induces a fiberwise linear function ωµ
on TQ closely related to the Routh function; in fact, we have that
Rµ − L = ωµ.
Using relation
ξTQ = (ξQ)
C
, ξ ∈ g
for the infinitesimal generator of the G-action on TQ and the complete lift of the
corresponding action on Q, we have that
ξTQ · ωµ = (ξQ)
C
· ωµ
=
(
LξQωµ
)
= 〈µ, ξQydωQ〉
= 〈µ, [ξ, ωQ]〉.(8.2)
For ξ ∈ h, it means that ωµ is a H-invariant function on TQ, thus the pullback
of a function ω̂µ ∈ C
∞ (T (Q/G)×Q/H × g˜).
Moreover, if vq ∈ TqQ is horizontal respect to the connection ωQ, we have that
ωµ (vq) = 0,
and so there exists σ̂µ ∈ C
∞ (Q/H × g˜) such that
(8.3) σ̂µ ◦ fω = ωµ,
for fω : TQ→ Q/H × g˜ defined in Equation (7.1).
Now, the bundle πµ : Q/H × g˜ → Q/G can be endowed with a connection
associated to ωQ, using the fact that Q/H × g˜ is an associated bundle to the
principal bundle pQG : Q→ Q/G and the G-space G/H × g.
Lemma 9. For every Z ∈ X (Q/G), its horizontal lift ZHQ/H×g˜ to Q/H × g˜ is
given by
ZHQ/H×g˜ = ZHQ/H + ZHg˜ ,
where ZHQ/H ∈ X (Q/H) , ZHg˜ ∈ X (g˜) are the horizontal lifts to every factor.
In the following, rµ : g˜→ Q/G indicates the adjoint bundle.
A basis of (local) vector fields on the bundle φH : Q/H × g˜ → Q/G can be
constructed using vertical vector fields on every factor and the canonically defined
connection associated to ωQ.
Proposition 17. Let {Zi} be a (local) basis of vector fields on Q/G, {VI} a basis
of sections for V πµ and {Wa} a basis of sections of V rµ. Then{
Z
HQ/G
i + Z
Hg˜
i , VI + 0, 0 +Wa
}
is a basis of vector fields on Q/H × g˜.
Now, let us consider the action on σ̂µ of vector fields tangent to the factor Q/H
in the product Q/H × g˜. To this end, we need the following result, which relates
the projection of vector fields along fω with vector fields on Q/H × g˜.
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In the next proof, for every G-space X , the map ΦXg : X → X will indicate the
diffeomorphism associated to the element g ∈ G. Moreover, for every ζ ∈ g, the
symbol ζg˜ ∈ X (g˜) , ζ ∈ g will be the vector field
ζg˜ ([q, ξ]G) :=
~d
dt
∣∣∣∣∣
t=0
[q, ξ + tζ]G
associated to the linear structure of the bundle g˜.
Lemma 10. Let ξ ∈ g and Z ∈ X (Q/G). Then
Tfω ◦ ξTQ =
(
ξQ/H + 0
)
◦ fω
Tfω ◦
(
ZHQ
)CQ
=
(
ZHQ/H + ZHg˜ +
(
ΩQ (Z, ·)
)
g˜
)
◦ fω,
where (·)
CQ indicates the complete lift of a vector field from Q to TQ.
Proof. We have that
fω
(
TΦQg (vq)
)
=
([
ΦQg (q)
]
H
, [Φg (q) ,AdgωQ (vq)]G
)
=
([
ΦQg (q)
]
H
, [q, ωQ (vq)]G
)
,
namely
fω ◦ Φ
TQ
g =
(
ΦQ/Hg × id
)
◦ fω.
The infinitesimal counterpart of this equation becomes
Tfω ◦ ξTQ =
(
ξQ/H + 0
)
◦ fω
for all ξ ∈ g.
In order to prove the second identity, let us consider the following commutative
diagram
TQ Q
Q/H × g˜ Q/H Q/G
//
τQ

fω

pQH
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
pQG
//
pr1
//
πµ
Then for Z ∈ X (Q/G), we have that
ZHQ/H = TpQH ◦ Z
HQ
= TpQH ◦ TτQ ◦
(
ZHQ
)CQ
= Tpr1 ◦ Tfω ◦
(
ZHQ
)CQ
.(8.4)
On the other side, we have the identification V pQG ≃ Q × g and ωQ induces a
vertical projection Πω : TQ→ V p
Q
G; namely, we have that
Πω (vq) := (q, ωQ (vq)) .
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These maps can be integrated to the following diagram
TQ Q× g
Q/H × g˜ g˜
//
Πω

✤
✤
✤
✤
✤
✤
✤
✤
fω

✤
✤
✤
✤
✤
✤
✤
✤
pQ×gG
//
pr2
If Φt : Q → Q is the flow of the vector field Z
HQ , then TΦt : TQ → TQ is the
corresponding flow for its complete lift
(
ZHQ
)CQ
; therefore
Πω (TΦt (vq)) = (Φt (q) , ωQ (TΦt (vq)))
and so
TΠω ◦
(
ZHQ
)CQ
=
(
ZHQ ,LZHQωQ
)
=
(
ZHQ , ZHQyΩQ
)
=
(
ZHQ , 0
)
+
(
0, ZHQyΩQ
)
.
Moreover, the connection in the associated space g˜ is defined by projection of
the horizontal spaces of Q along the map pQ×gG ; therefore
ZHg˜ ◦ fω = Tp
Q×g
G ◦
(
ZHQ , 0
)
= TpQ×gG ◦
[
TΠω ◦
(
ZHQ
)CQ
−
(
0, ZHQyΩQ
)]
= Tpr2 ◦ Tfω ◦
(
ZHQ
)CQ
−
(
ZHQyΩQ
)
g˜
◦ fω.(8.5)
Using Equations (8.4) and (8.5) the second identity follows. 
Thus, from Equation (8.3) and using Equation (8.2),
dσ̂µ
(
ξQ/H + 0
)
◦ fω = dσ̂µ (Tfω ◦ ξTQ)
= dωµ (ξTQ)
= 〈µ, [ξ, ωQ]〉
= −
〈
ad∗ωQµ, ξ
〉
.
8.3. Reduced implicit Lagrange-Routh equations. We are ready to use Propo-
sition 7 in order to find the equations of motion of
(
W 0
p∗1Rµ
, λ0
p∗1Rµ
, βµ
)
.
Theorem 5. The equations of motion of the triple
(
W 0
p∗1Rµ
, λ0
p∗1Rµ
, βµ
)
are given
by (
0 + ζg˜
)
·Rµ = 0, V
v − [ωQ]h = 0, Z − Z
VQ/G ·Rµ = 0,
dZ −
((
ZCQ/G + ZHQ/H + ZHg˜
)
·Rµ +
〈
µ,ΩQ
((
V h
)HQ
, ZHQ
)〉)
dt = 0,
for Z ∈ X (Q/G) , ζ ∈ g.
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Remark 9. We can relate this result with the reduced implicit Lagrange-Routh
equations (4.1) from [13]. Equation
V v − [ωQ]h = 0
is a global version of the reduced implicit equation
θ˙I = v̂JLIJ − x˙
iΛIi .
The equation (
0 + ζg˜
)
· Rµ = 0.
corresponds to
∂Rµ
∂v̂a
= 0.
The remaining equations are
Z − ZVQ/G · Rµ = 0
dZ −
((
ZCQ/G + ZHQ/H + ZHg˜
)
·Rµ +
〈
µ,ΩQ
((
V h
)HQ
, ZHQ
)〉)
dt = 0.
The first of them is equivalent to
pi =
∂Rµ
∂vi
and the last
p˙i =
∂Rµ
∂vi
− ΛIi
∂Rµ
∂θI
− µaB
a
ij x˙
j
in the previously cited work.
Proof. We have to use Proposition 7 with the vector fields ZHQ/H + ZHg˜ , Z ∈
X (Q/G) and ξQ/H + 0, 0 + ζg˜ for ξ, ζ ∈ g. It yields to a variety of liftings(
ZHQ/H + ZHg˜
)C
,
(
ZHQ/H + ZHg˜
)V
,
(
ξQ/H + 0
)C
,
(
0 + ζg˜
)C
where, according to Lemma 5,(
ξQ/H + 0
)V
,
(
0 + ζg˜
)V
are vector fields spanning kerTp1. Moreover
Tp1 ◦
(
ZHQ/H + ZHg˜
)C
= ZCQ/G + ZHQ/H + ZHg˜ ,
T p1 ◦
(
ZHQ/H + ZHg˜
)V
= ZVQ/G + 0 + 0,
T p1 ◦
(
ξQ/H + 0
)C
= 0 + ξQ/H + 0,
T p1 ◦
(
0 + ζg˜
)C
= 0 + 0 + ζg˜.
For vertical vector fields ξQ/H + 0 and 0 + ζg˜ we have that(
ξQ/H + 0
)V
· p∗1Rµ =
(
0 + ζg˜
)V
· p∗1Rµ = 0,
meaning that the associated momenta annihilate
ξQ/H + 0 = 0 + ζg˜ = 0.
Moreover, gyroscopic force term βµ is the pullback of a 2-form on Q/H , so〈
0 + ζg˜, V yβ
µ
〉
= 0;
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thus vector field 0 + ζg˜ gives rise to equation(
0 + ζg˜
)
· Rµ = 0.
For vector field ξQ/H + 0, Equation (8.1) tells us that〈
ξQ/H + 0, V yβ
µ
〉
=
〈
V vyad∗µ˜, ξQ/H
〉
and therefore (
ξQ/H + 0
)
· Rµ +
〈
V vyad∗µ˜, ξQ/H
〉
= 0.
Using that Rµ ◦ p
TQ
H = Rµ and
TpTQH ◦ ξTQ =
(
ξQ/H + 0
)
◦ pTQH ,
we can write (
ξQ/H + 0
)
· Rµ = ξTQ ·Rµ
= ξTQ · 〈µ, ωQ〉
= −
〈
ad∗ωQµ, ξ
〉
,
taking into account the G-invariance of L and Equation (8.2). Then the associated
equation results
V v − [ωQ]h = 0.
The remaining equations, associated to horizontal lift ZHQ/H + ZHg˜ of Z ∈
X (Q/G), become
Z − ZVQ/G · Rµ = 0
dZ −
((
ZCQ/G + ZHQ/H + ZHg˜
)
·Rµ +
〈
µ,ΩQ
((
V h
)HQ
, ZHQ
)〉)
dt = 0.
This concludes the proof. 
9. Lagrangian AKS and Routh reduction
Adler-Kostant-Symes (AKS) systems [3, 18, 32] can be seen as reduced spaces
via Marsden-Weinstein reduction [30, 31]. In [12] an ad hoc Lagrangian version for
this construction is given, motivated in the work of the same authors [11] in the
context of Hamiltonian reduction in WZNW field theories. Specifically, let K be a
Lie group which factorises as K = K+K−. The authors choose as Lagrangian the
function on TK × k− × k+
LF (g, g˙, α, β) :=
1
2
〈
g˙g−1, g˙g−1
〉
+
1
2
〈α, α〉 +
1
2
〈β, β〉+
+
〈
α, g˙g−1 − µ
〉
+
〈
β, g−1g˙ − ν
〉
+ 〈α,Adgβ〉
=
1
2
〈
g˙g−1 + α+Adgβ, g˙g
−1 + α+ Adgβ
〉
− 〈α, µ〉 − 〈β, ν〉 ,(9.1)
where µ ∈ k−, ν ∈ k+ and 〈·, ·〉 is a nondegenerate K-invariant bilinear form on k.
In the present section we will interpret these constructions by means of intrin-
sically constrained systems and Routh reduction; it is motivated in part by the
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fact that Routh reduction can be seen as Marsden-Weinstein reduction in the La-
grangian realm. In particular, this Lagrangian appears to be a Routh function [26,
23] associated to the K+ ×K−-action on K, defined by
(g+, g−) · g = g+gg
−1
− .
9.1. Unreduced system. In fact, let us take M := K × K+ × K−, N := K;
consider TK = K×k, T (K ×K) = TK×TK = K×k×K×k and TK− = K−×k−
by right trivialization, and TK+ = K+ × k+ via left trivialization. It means that
TMN = TN ×N M = K × k×K+ ×K−.
The map π : M → N will be projection onto the first component of the Cartesian
product M = K ×K+ ×K−; then
p1 : TM → TMN : (g, ζ, g+, α, g−, β) 7→ (g, ζ, g+, g−) .
On TMN we take as Lagrangian the function
L′ (g, ζ, g+, g−) :=
1
2
〈ζ, ζ〉 .
The unreduced Lagrangian system for AKS system will be the intrinsically con-
strained system (π : M → N,L′, 0).
9.2. Equations of motion for unreduced system. According to Definition 2,
the equations of motion for intrinsically constrained system (π : M → N,L′, 0) are
determined by Lagrangian system (TM, p∗1L
′, 0). In this section we will use Propo-
sition 6 in order to find them. It requires to construct a basis of vector fields on
M ; this is achieved by using invariant vector fields on the different Lie groups in it.
Let us consider the Lie group K, with identification TK ≃ K × k via right
trivialization. For every ξ ∈ k, we have right invariant vector fields on K given by
Xξ : g 7→ (g, ξ) .
The flow for these vector fields are
Φξt : g 7→ exp tξg;
then
TΦξt : (g, ζ) 7→
~d
ds
∣∣∣∣∣
s=0
[
Φξt (exp sζg)
]
= (exp tξg,Adexp tξζ)
is the flow for the complete lift. The flow for the vertical lift of these vector fields
becomes
Ψξt : (g, ζ) 7→ (g, ζ + tξ) .
Then we have that
XVξ : (g, ζ) 7→ (g, ζ; 0, ξ)
XCξ : (g, ζ) 7→ (g, ζ; ξ, [ξ, ζ])
using again the right trivialization. Now, we can fix a basis on k and express any
vector field in this basis; so from identity
(fξ)
C
= fξC + dfξV
for every f ∈ C∞ (K), we obtain that a general vector field X : g 7→ (g, ξ (g)) on
K has the complete lift
XC : (g, ζ) 7→ (g, ζ; ξ, dξ + [ξ, ζ]) .
ROUTH REDUCTION AND CARTAN MECHANICS 42
These equations are valid for Lie group K− too. For K+ we need to take into
account that TK+ = K+ × k+ via left trivialization, so for left invariant vector
fields
Yξ : g 7→ (g, ξ)
for ξ ∈ k+, we have the lifts
Y Vξ : (g, ζ) 7→ (g, ζ; 0, ξ)
Y Cξ : (g, ζ) 7→ (g, ζ; ξ,− [ξ, ζ])
and in general, for Y : g 7→ (g, ξ (g)), where ξ : K+ → k+,
Y C : (g, ζ) 7→ (g, ζ; ξ, dξ − [ξ, ζ]) .
Let w = (t, g, ζ, g+, α, g−, β) ∈ R × TM be an arbitrary element; then ρ ∈
Wp∗1L′
∣∣
w
if and only if
ρ = L′ (g, ζ, g+, g−) dt+ (g, ζ;σ, 0)− σ (ζ) dt+
+ (g+, α; ρ+, 0)− ρ+ (α) dt+ (g, β; ρ−, 0)− ρ− (β) dt
for some σ ∈ k, ρ± ∈ k±. Here we are using the identification
T ∗TK ≃ K × k× k∗ × k∗, T ∗TK± ≃ K± × k± × k
∗
± × k
∗
±
using right trivialization for K and K−, and left trivialization for K+. Then we
have the isomorphism
Wp∗1L′ R× TM × k
∗ × k∗+ × k
∗
−
ρ (t, g, ζ, g+, α, g−, β, σ, ρ+, ρ−) .
//∼
✤ //
Let ζ1 ∈ k, α1 ∈ k+, β1 ∈ k− be arbitrary elements in these Lie algebras; let us
indicate by Zζ1 , Zα1 , Zβ1 ∈ X (M) the vector fields
Zζ1 : (g, g+, g−) 7→ (g, ζ1, g+, 0, g−, 0)
Zα1 : (g, g+, g−) 7→ (g, 0, g+, α1, g−, 0)
Zβ1 : (g, g+, g−) 7→ (g, 0, g+, 0, g−, β1) .
Theorem 6. Equations of motion for unreduced system (M,p∗1L
′, 0) are given by
σ = 〈ζ, ·〉 , Zζ1 = σ, dZζ1 = 0,
g˙g−1 − ζ = 0, ˙g−g
−1
− − β = 0, g
−1
+ ˙g+ − α = 0.
where Zζ1 ∈ C
∞
(
Wp∗1L′
)
is the function associated to vector field Zζ1 .
Proof. We have that
ZVζ1 · p
∗
1L
′ = 〈ζ, ζ1〉
ZCζ1 · p
∗
1L
′ = 〈ζ, [ζ1, ζ]〉 = 0
with the remaining vector fields acting trivially on p∗1L
′. Then Proposition 6 gives
σ = 〈ζ, ·〉
Zζ1 = σ
dZζ1 = 0
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together with
g˙g−1 − ζ = 0, ˙g−g
−1
− − β = 0, g
−1
+ ˙g+ − α = 0.
The theorem follows from here. 
9.3. Symmetries of (M,p∗1L
′, 0). We are ready to discuss the symmetries of the
Lagrangian system (M,L1, 0). It results that p
∗
1L
′ : TM → R is invariant for the
lifting of an action of the Cartesian product Lie group K+×K−; this invariance is
directly related with the Ad−invariance of the bilinear form 〈·, ·〉.
The direct product Lie group G := K+×K− acts onM according to the formula
Ψ(h+,h−) (g, g+, g−) := (h+, h−) · (g, g+, g−) =
(
h+gh
−1
− , g+h
−1
+ , h−g−
)
.
The lift of this equation to TM reads
(9.2) TΨ(h+,h−) : (g, ζ, g+, α, g−, β) 7→
7→
(
h+gh
−1
− ,Adh+ζ, g+h
−1
+ ,Adh+α, h−g−,Adh−1
−
β
)
.
Additionally, let us recall that in the chosen trivializations
Tg+Rh+ (g+, α) =
(
g+h+,Adh−1+
α
)
Tg−Lh− (g−, β) =
(
h−g−,Adh−β
)
.
Lemma 11. The Lagrangian system (M,p∗1L
′, 0) is K+ ×K−-invariant.
Proof. From Equation (9.2) it results that
p1 ◦ T(g,g+,g−)Ψ(h+,h−) (g, ζ, g+, α, g−, β) =
=
(
Tπ
(
h+gh
−1
− ,Adh+ζ, g+h
−1
+ ,Adh+α, h−g−,Adh−β
)
, g+h
−1
+ , h−g−
)
=
(
h+gh
−1
− ,Adh+ζ, g+h
−1
+ , h−g−
)
;
then
p∗1L
′
(
T(g,g+,g−)Ψ(h+,h−) (g, ζ, g+, α, g−, β)
)
= L′
(
h+gh
−1
− ,Adh+ζ, g+h
−1
+ , h−g−
)
=
1
2
〈
Adh+ζ,Adh+ζ
〉
=
1
2
〈ζ, ζ〉
and the invariance follows. 
9.4. Routh reduction for (M,p∗1L
′, 0). Let us implement Routh reduction on
this system. We have a K+ ×K−-invariant Lagrangian system (M,p
∗
1L
′, 0), where
M = K ×K+ ×K−; it is symmetric by the lift to TM of the K+ ×K−-action
(h+, h−) · (g, g+, g−) =
(
h+gh
−1
− , g+h
−1
+ , h−g−
)
.
We can use diffeomorphism
χ1 : M/K+ ×K− → K : [g, g+, g−] 7→ g+gg−
and consider instead of projection pMK+×K− : M →M/K+ ×K− the simpler map
p : M → K : (g, g+, g−) 7→ g+gg−.
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Thus we have the commutative diagram
(9.3)
M
M/K+ ×K− K

pMK+×K−
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏
p
//
χ1
In terms of the trivializations adopted in this example its differential reads
K × k×K+ × k+ ×K− × k− K × k
(g, ζ, g+, α, g−, β)
(
g+gg−,Adg+ (ζ + α+Adgβ)
)//Tp✤ //
For (α, β) ∈ k+× k−, we have a vector field (α, β)M on M , namely, the infinites-
imal generator for the K+ ×K−-action, given by
(α, β)M (g, g+, g−) =
~d
dt
∣∣∣∣∣
t=0
(exp tα · g · exp−tβ, g+ · exp−tα, exp tβ · g−)
= (g, α−Adgβ, g+,−α, g−, β) .(9.4)
Map p : M → K gives rise to a K+ × K−-principal bundle structure on K;
it allows to select a connection on this, which will be useful in performing Routh
reduction of (M,p∗1L
′, 0).
By means of Diagram (9.3) and right trivialization, we have the identification
T
(
M
K+ ×K−
)
≃ K × k;
as expected, projection TpMK+×K− is thus replaced by Tp.
Lemma 12. The k+ × k−-valued 1-form ω such that
ω|(g,g+,g−) (ζ, α, β) := (−α, β)
is a connection form on principal bundle p : M → K. Its differential is given by
dω|(g,g+,g−) (ζ1, α1, β1; ζ2, α2, β2) = ([α1, α2] ,− [β1, β2]) .
The horizontal lift associated to the connection form ω is given by the formula
(g′, ζ′)
H
∣∣∣
(g−1+ g′g
−1
−
,g+,g−)
=
(
g−1+ g
′g−1− ,Adg−1+
ζ′, g+, 0, g−, 0
)
.
for every (g′, ζ′) ∈ Tg′K and
(
g−1+ g
′g−1− , g+, g−
)
∈ p−1 (g′).
Proof. First, we need to verify that
• As above, Ψ(h+,h−) indicates the diffeomorphism of M associated to the
action of element (h+, h−) ∈ K+ ×K−; then
Ψ∗(h+,h−)
(
ω|(h+gh−1− ,g+h
−1
+ ,h−g−)
)
= Ad(h+,h−) ω|(g,g+g,−) .
• For every (α, β) ∈ k+ × k−, we have
ω|(g,g+,g−) ((α, β)M ) = (α, β) .
ROUTH REDUCTION AND CARTAN MECHANICS 45
For first item, recall Eq. (9.2) and that by the product group structure onK+×K−,
Ad(h+,h−) (α1, β1) =
(
Adh+α1,Adh−β1
)
for every (α1, β1) ∈ k+ × k−.
For second item, just use Equation (9.4).
Now we proceed to prove the horizontal lift formula. Namely, we know that
horizontal lift of tangent vectors (g′, ζ′) ∈ Tg′K to(
g−1+ g
′g−1− , g+, g−
)
∈ p−1 (g′)
is given by
(g′, ζ′)
H
∣∣∣
(g−1+ g′g
−1
−
,g+,g−)
=
(
g−1+ g
′g−1− , ζ1, g+, α1, g−, β1
)
if and only if
Tp
(
(g′, ζ′)
H
∣∣∣
(g−1+ g′g
−1
−
,g+,g−)
)
= (g′, ζ′)
and
ω|(g−1+ g′g
−1
−
,g+,g−)
(
(g′, ζ′)
H
)
= 0.
It means that
(g′, ζ′) =
(
g′,Adg+ (ζ1 + α1 +Adβ1)
)
(−α1, β1) = (0, 0) ;
therefore
(g′, ζ′)
H
∣∣∣
(g−1+ g′g
−1
−
,g+,g−)
=
(
g−1+ g
′g−1− ,Adg−1+
ζ′, g+, 0, g−, 0
)
as required. 
There are two quotient bundles which we need to handle in order to work with
the reduced system, namely, the adjoint bundle
˜k+ × k− :=
M × k+ × k−
K+ ×K−
and the quotient
p(µ,ν) :
M
(K+)µ × (K−)ν
→
M
K+ ×K−
.
Now, every element
[g, g+, g−, α, β]K+×K− ∈
˜k+ × k−
is an equivalence class
[g, g+, g−, α, β]K+×K− :=
=
{(
h+g+h
−1
− , g+h
−1
+ , h−g−,Adh+α,Adh−1
−
β
)
: h+ ∈ K+, h− ∈ K−
}
.
Using the following diagram
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M × k+ × k− M
˜k+ × k− M/K+ ×K− K
pr1
p
M×k+×k−
K+×K−
p
pMK+×K−
p′
we can consider ˜k+ × k− as a bundle on K, with projection p
′ : ˜k+ × k− → K given
by the composition of the lower horizontal arrows, namely
p′
(
[g, g+, g−, α, β]K+×K−
)
= g+gg−.
There exists another bundle isomorphism χ2 : ˜k+ × k− → K × k+× k− such that
˜k+ × k− K × k+ × k−
K
//
χ2
$$❏
❏❏
❏❏
❏❏
p′ zztt
tt
tt
tt
pr1
It is given by
χ2 : [g, g+, g−, α, β]K+×K− 7−→
(
g+gg−,Adg+α,Adg−1
−
β
)
.
Now let us consider the quotient bundle M/ (K+)µ × (K−)ν . In order to work
with it, fix a pair of elements µ ∈ k∗+, ν ∈ k
∗
−, and indicate with O
+
µ ⊂ k
∗
+,O
−
ν ⊂ k
∗
−
the coadjoint orbits through them.
Let us indicate by [g, g+, g−](µ,ν) an equivalence class in M/ (K+)µ × (K−)ν ;
then we have a map
χ3 : M/ (K+)µ×(K−)ν → K×O
+
µ×O
−
ν : [g, g+, g−](µ,ν) 7→
(
g+gg−,Ad
∗
g−1+
µ,Ad∗g−ν
)
so that the following diagram commutes
M/ (K+)µ × (K−)ν K ×O
+
µ ×O
−
ν
M/K+ ×K− K
//
χ3

✤
✤
✤
✤
✤
✤
✤
✤
p(µ,ν)

✤
✤
✤
✤
✤
✤
✤
✤
pr1
//
χ1
It is an isomorphism of bundles on χ1.
Theorem 7. The map
Tχ1 × χ3 × χ2 :
T
(
M
K+ ×K−
)
×
M
(K+)µ × (K−)ν
× ˜k+ × k− → K × k×O
+
µ ×O
−
ν × k+ × k−
is an isomorphism of bundles on χ1 : M/K+ ×K− → K.
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Proof. These maps fit in the following diagram
T
(
M
K+ ×K−
)
K × k ˜k+ × k−
M
K+ ×K−
K K × k+ × k−
M
(K+)µ × (K−)ν
K ×O+µ ×O
−
ν

τM/K+×K−
//
Tχ1

pr1
zztt
tt
tt
tt
tt
tt
tt
tt
tt
t
p′

χ2
//
χ1
oo
pr1
OO
p(µ,ν)
//
χ3
OO
pr1
where it was used identification TK = K × k with right trivialization. 
Proposition 18. Reduced Lagrangian is given by
l′
(
g′, ζ′,Ad∗
g−1+
µ,Ad∗g−ν, α˜, β˜
)
=
1
2
〈
ζ′ + α˜−Adg′ β˜, ζ
′ + α˜−Adg′ β˜
〉
for any
(
g′, ζ′,Ad∗
g−1+
µ,Ad∗g−ν, α˜, β˜
)
∈ K × k×O+µ ×O
−
ν × k+ × k−.
Proof. We have that(
g−1+ g
′g−1− , g+, g−
)
∈
(
pM(K+)µ×(K−)ν
)−1 (
g′,Ad∗
g−1+
µ,Ad∗g−ν
)
indicates an arbitrary element in this fiber. Moreover, any element of M × k+× k−
belonging to this fiber and projecting onto
[
g′, α˜, β˜
]
∈ ˜k+ × k− is of the form(
g−1+ g
′g−1− , g+, g−,Adg−1+
α˜,Adg− β˜
)
∈M × k+ × k−.
Using horizontal lifting calculated in Lemma 12 and expression (9.4) for infini-
tesimal generator for the K+×K−-action onM , we can obtain reduced Lagrangian
l′ ∈ C∞
(
K × k×O+µ ×O
−
ν × k+ × k−
)
using the following formula
l′
(
g′, ζ′,Ad∗
g−1+
µ,Ad∗g−ν, α˜, β˜
)
=
= L′
(
(g′, ζ′)
H
∣∣∣
(g−1+ g′g
−1
−
,g+,g−)
+
(
Adg−1+
α˜,Adg− β˜
)
M
(
g−1+ g
′g−1− , g+, g−
))
.
Now
(9.5) (g′, ζ′)
H
∣∣∣
(g−1+ g′g
−1
−
,g+,g−)
+
(
Adg−1+
α˜,Adg− β˜
)
M
(
g−1+ g
′g−1− , g+, g−
)
=
=
(
g−1+ g
′g−1− ,Adg−1+
ζ′ +Adg−1+
α˜−Adg−1+ g′g
−1
−
Adg− β˜, g+,−Adg−1+
α˜, g−,Adg− β˜
)
,
so the formula follows from here. 
ROUTH REDUCTION AND CARTAN MECHANICS 48
Recall that the Routhian is given by formula
R(µ,ν) := L− 〈(µ, ν) , ω〉 .
We have calculated the reduced Lagrangian l′, so we need to take care only of the
term containing ω. Recalling Equation (9.5), it results that
〈(µ, ν) , ω〉
(
(g′, ζ′)
H
∣∣∣
(g−1+ g′g
−1
−
,g+,g−)
+
(
Adg−1+
α˜,Adg− β˜
)
M
(
g−1+ g
′g−1− , g+, g−
))
=
=
〈
µ,Adg−1+
α˜
〉
+
〈
ν,Adg− β˜
〉
,
so we obtain the formula
R(µ,ν)
(
g′, ζ′,Ad∗
g−1+
µ,Ad∗g−ν, α˜, β˜
)
=
=
1
2
〈
ζ′ + α˜−Adg′ β˜, ζ
′ + α˜−Adg′ β˜
〉
−
〈
Ad∗
g−1+
µ, α˜
〉
−
〈
Ad∗g−ν, β˜
〉
for the reduced version of Routhian function.
This function defines a current Lagrangian function on T
(
K ×O+µ ×O
−
ν × k+ × k−
)
via pull back along a map
π1 : T
(
K ×O+µ ×O
−
ν × k+ × k−
)
→ K × k×O+µ ×O
−
ν × k+ × k−.
This map is defined as follows: In terms of the original spaces, fix an arbitrary
element
w :=
(
[g, g+, g−] , [g, α, β]K+×K−
)
∈
M
(K+)µ × (K−)ν
× ˜k+ × k−;
then it reads
π1 (Vw) :=
(
Tp(µ,ν) (Vw) , w
)
for every
Vw ∈ Tw
(
M
(K+)µ × (K−)ν
× ˜k+ × k−
)
.
Using the isomorphisms defined above, it simplifies to
π1
(
g′, ζ′, η+, uη+ , η−, vη− , α˜, α˜1, β˜, β˜1
)
=
(
g′, ζ′, η+, η−, α˜, β˜
)
.
Thus we have a singular Lagrangian
L(µ,ν) := π
∗
1R(µ,ν).
Additionally, the reduced Lagrangian system requires the force term arising from
the differential of connection form ω; this force term f(µ,ν) is a bundle map
f(µ,ν) : T
(
M
(K+)µ × (K−)ν
)
→ T ∗
(
M
(K+)µ × (K−)ν
)
associated to the 2-form on M/(K+)µ × (K−)ν induced by 〈(µ, ν) , dω〉. Using
Lemma 12, it becomes
(9.6)
〈
f(µ,ν)
(
g′, ζ′1, η+, u
1
η+ , η−, v
1
η−
)
,
(
g′, ζ′2, η+, u
2
η+ , η−, v
2
η−
)〉
=
=
〈
µ,
[
û1η+ , û
2
η+
]〉
−
〈
ν,
[
v̂1η− , v̂
2
η−
]〉
,
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where ûiη+ ∈ k+, v̂
i
η− ∈ k−, i = 1, 2 are Lie algebra elements such that
Tp
K+
(K+)µ
(
g+, ûiη+
)
=
(
η+, u
i
η+
)
, T p
K−
(K−)ν
(
g−, v̂iη−
)
=
(
η−, v
i
η−
)
.
9.5. Routh reduction and Fehér Lagrangian. Our aim is to relate Lagrangian
L(µ,ν) with Fehér Lagrangian (9.1),
LF (g
′, ζ′, η+, η−, α, β) :=
1
2
〈ζ′, ζ′〉+
1
2
〈α, α〉 +
1
2
〈β, β〉+
+ 〈α, ζ′ − µ〉+ 〈β, ζ′ − ν〉+ 〈α,Adg′β〉
=
1
2
〈ζ′ + α+Adg′β, ζ
′ + α+Adg′β〉 − 〈µ, α〉 − 〈ν, β〉 .
The main tool in this task will be Proposition 9; in order to do it, we will need
to define a bundle isomorphism
TM1 TM1
M1 M1
//Φ

✤
✤
✤
✤
✤
✤
✤
✤
τM1

✤
✤
✤
✤
✤
✤
✤
✤
τM1
//
φ
and to prove that together with L(µ,ν) and LF , they meet the conditions of this
result.
In order to define these maps, we will fix a pair of (perhaps local) sections
s+ : O
+
µ → K+
s− : O
−
ν → K−
such that
η+ = Ad
∗
[s+(η+)]
−1µ, η− = Ad
∗
s−(η−)ν
for every η+ ∈ O
+
µ , η− ∈ O
−
ν in a suitable open set. Let us indicate by Ts+ :
TO+µ → k+, T s− : TO
−
ν → k− the trivialized differential maps of these sections, i.e.
Ts+ : uη+ 7→ TL[s+(η+)]−1Tη+s+
(
uη+
)
Ts− : vη− 7→ TR[s−(η−)]−1Tη−s−
(
vη−
)
Then
Φ
(
g′, ζ′, η+, uη+ , η−, vη− , α˜, α˜1, β˜, β˜1
)
=
=
(
s+ (η+) g
′s− (η−) ,Ads+(η+)ζ
′ +Ads+(η+)Ts+
(
uη+
)
−
−Ads+(η+)g′Ts−
(
vη−
)
, η+, uη+ , η−, vη− ,Ads+(η+)
(
α˜− Ts+
(
uη+
))
, α′1,
Ad[s−(η−)]−1
(
β˜ − Ts−
(
vη−
))
, β′1
)
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where α′1, β
′
1 are chosen in order to ensure that Φ is a contact map. Then we have
that
(9.7)
(
(id× Φ)
∗
L(µ,ν)
) (
g′, ζ′, η+, uη+ , η−, vη− , α˜, α˜1, β˜, β˜1
)
=
= LF
(
g′, ζ′, η+, η−, α˜, β˜
)
+
〈
µ, T s+
(
uη+
)〉
+
〈
ν, T s−
(
vη−
)〉
.
Now let µ˜L ∈ Ω
1 (K+) , ν˜R ∈ Ω
1 (K−) be the left- and right-invariant 1-forms
respectively, such that
µ˜L (e) = µ, ν˜R (e) = ν;
these forms can be pulled back along sections s±, giving us 1-forms
µs+ := s
∗
+µ˜L, ν
s
− := s
∗
−ν˜R.
These forms, in turn, induced the contact forms
Θµ ∈ Ω
1
(
R× TO+µ
)
,Θν ∈ Ω
1
(
R× TO−ν
)
such that
Θµ|(t,uη+)
:=
(
Tuη+ τO+µ
)∗
µs+ − µ
s
+
(
uη+
)
dt
Θν |(t,vη
−
) :=
(
Tvη
−
τO−ν
)∗
νs− − ν
s
−
(
vη−
)
dt.
Using these definitions, Equation (9.7) and that
µs+
(
uη+
)
=
〈
µ, T s+
(
uη+
)〉
, νs−
(
vη−
)
=
〈
ν, T s−
(
vη−
)〉
.
it results
(id× Φ)
∗ (
L(µ,ν)dt
)
= LFdt−Θµ −Θν +
(
Tuη+ τO+µ
)∗
µs+ +
(
Tvη
−
τO−ν
)∗
νs−.
Now, forms µs+, ν
s
− are pullback along s± of the contraction with µ ∈ k
∗
+, ν ∈ k
∗
−
of the (left and right respectively) Maurer-Cartan forms, so
dµs+ = −
1
2
[
µs+
∧, µs+
]
, dνs− =
1
2
[
νs−
∧, νs−
]
.
Thus from Proposition 9 we obtain the relation between Lagrangian system (Fehér
system) (N1, LF , 0) and Routh reduction(
M1, L(µ,ν), f(µ,ν)
)
,
where f(µ,ν) is defined by Equation (9.6).
Theorem 8. Equations for Fehér system (N1, LF , 0) and Routh reduction(
M1, L(µ,ν), f(µ,ν)
)
coincide.
Proof. It is consequence of Proposition 9 and the fact that
f(µ,ν) +
(
Tuη+ τO+µ
)∗
dµs+ +
(
Tvη
−
τO−ν
)∗
dνs− = 0;
this last equation can be proved from Equation (9.6) using the fact that
Ts+
(
uη+
)
, T s−
(
vη−
)
are Lie algebra elements that lift vectors uη+ , vη− . 
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Remark 10. This seemingly miraculous cancellation of the force term with forms
coming from a section of the principal bundle K+ ×K− → O
+
µ ×O
−
ν is related to
the fact that the chosen connection is flat. Existence of Fehér Lagrangian is local,
and associated to the flatness of the connection.
10. Conclusions and outlook
In the present article an scheme for implicit Lagrange-Routh equations was con-
structed using a kind of unified formalism for the unreduced Lagrangian system.
This yielded to an unified formalisms for reduced systems, and invariant expressions
for the associated equations of motion were obtained. These considerations served
as a framework for the interpretation of some Lagrangian toy systems related to
reduction of WZNW field theories.
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